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Abstract

We study the structure and learnability of sums of independent integer random variables
(SIIRVs). For k € Z, a k-SIIRV of order n € Z,. is the probability distribution of the sum of
n mutually independent random variables each supported on {0,1,...,k — 1}. We denote by
Sy.i the set of all k-SIIRVs of order n.

How many samples are required to learn an arbitrary distribution in S, x? In this paper,
we tightly characterize the sample and computational complexity of this problem. More pre-
cisely, we design a computationally efficient algorithm that uses O(k/€?) samples, and learns
an arbitrary k-SIIRV within error e, in total variation distance. Moreover, we show that the
optimal sample complexity of this learning problem is ©((k/€e?)+/log(1/¢)), i.e., we prove an
upper bound and a matching information-theoretic lower bound. Our algorithm proceeds by
learning the Fourier transform of the target k-SIIRV in its effective support. Its correctness
relies on the approximate sparsity of the Fourier transform of k-SIIRVs — a structural property
that we establish, roughly stating that the Fourier transform of k-SIIRVs has small magnitude
outside a small set.

Along the way we prove several new structural results about k-SITRVs. As one of our main
structural contributions, we give an efficient algorithm to construct a sparse proper e-cover for
Sn.k, in total variation distance. We also obtain a novel geometric characterization of the space
of k-SITRVs. Our characterization allows us to prove a tight lower bound on the size of e-covers
for S, 1, — establishing that our cover upper bound is optimal — and is the key ingredient in our
tight sample complexity lower bound.

Our approach of exploiting the sparsity of the Fourier transform in distribution learning is
general, and has recently found additional applications. In a subsequent work [DKS15a], we use
a generalization of this idea (in higher dimensions) to obtain the first efficient learning algorithm
for Poisson multinomial distributions. In [DKS15b], we build on this approach to obtain the
fastest known proper learning algorithm for Poisson binomial distributions (2-SIIRVs).
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fSome of this work was performed while visiting the University of Edinburgh.
Supported by EPSRC grant EP/L021749/1.



1 Introduction

1.1 Motivation and Background We study sums of independent integer random variables:

Definition. For k € Z, a k-IRV is any random variable supported on {0,1,...,k—1}. A k-SIIRV
of order n is any random variable X = """ | X; where the X;’s are independent k-IRVs. We will
denote by S, . the set of probability distributions of all k-SIIRVs of order n.

For convenience, throughout this paper, we will often blur the distinction between a random
variable and its distribution. In particular, we will use the term k-SIIRV for the random variable
or its corresponding distribution, and the distinction will be clear from the context.

Sums of independent integer random variables (SIIRVs) comprise a rich class of distributions
that arise in many settings. The special case of k = 2, S, 2, was first considered by Poisson [Poi37] as
a non-trivial extension of the Binomial distribution, and is known as Poisson binomial distribution
(PBD). In application domains, SITRVs have many uses in research areas such as survey sampling,
case-control studies, and survival analysis, see e.g., [CLI7] for a survey of the many practical uses
of these distributions. We remark that these distributions are of fundamental interest and have
been extensively studied in probability and statistics. For example, tail bounds on SITRVs form an
important special case of Chernoff/Hoeffding bounds [Che52, [Hoe63, [DP09b]. Moreover, there is
a long line of research on approximate limit theorems for SITRVs, dating back several decades (see
e.g., [Pre83l [Kru86, BHJ92]), and [CL10, [CGS11] for some recent results.

Structure and Learning of £-SIIRVs. The main motivation of this work was the problem of
learning an unknown k-SIIRV given access to independent samples. Understanding this problem
is intimately related to obtaining a refined structural understanding of the space of k-SIIRVs. The
connection between structure and distribution learning is the main thrust of this paper.

Distribution learning or density estimation is the following task [DG85, [KMR™94, [DLO1]: Given
independent samples from an unknown distribution P in a family D, and an error tolerance ¢ > 0,
output a hypothesis H such that with high probability the total variation distance dry (H, P) is at
most €. The sample and computational complexity of this unsupervised learning problem depends
on the structure of the underlying family D. The main goals here are: (i) to characterize the sample
complexity of the learning problem, i.e., to obtain matching information-theoretic upper and lower
bounds, and (ii) to design a computationally efficient learning algorithm — i.e., an algorithm whose
running time is polynomial in the sample (input) size — that uses an information-theoretically
optimal sample size.

While density estimation has been studied for several decades, the number of samples required
to learn is not yet well understood, even for surprisingly simple and natural classes of univariate
discrete distributions. More specifically, there is no known complexity measure of a distribution
family D that characterizes the sample complexity of learning an unknown distribution from D.
In contrast, the VC dimension of a concept class plays such a role in the PAC model of learning
Boolean functions (see, e.g, [BEHWS9, [KV94]).

We remark that the classical information-theoretic quantity of the metric entropy [vdVW96,
DLO01l Tsy08], i.e., the logarithm of the size of the smallest e—coveIE] of the distribution class, provides
an upper bound on the sample complexity of learning. Alas, this upper bound is suboptimal in
general — both quantitatively and qualitatively — and in particular for the class of k-SIIRVs, as we
show in this paper.

!Formally, a subset D. C D in a metric space (D,d) is said to be an e-cover of D with respect to the metric
d: X% = Ry, if for every x € D there exists some y € D, such that d(x,y) < e. In this paper, we focus on the total
variation distance between distributions.



Obtaining a computationally efficient learning algorithm with optimal (or near-optimal) sample
complexity is an important goal. In many learning settings, achieving this goal turns out to be
quite challenging. More specifically, in many scenarios, both supervised and unsupervised, the
only computationally efficient learning algorithms known use a (provably) suboptimal sample size.
Intuitively, increasing the sample size (e.g., by a polynomial factor) can make the algorithmic task
substantially easier. Characterizing the tradeoff between sample complexity and computational
complexity is of fundamental importance in learning theory. In this work, we essentially characterize
this tradeoff for the unsupervised problem of learning SIIRVs.

1.2 Our Results The main technical contribution of this paper is the use of Fourier analytic
and geometric tools to obtain a refined structural understanding of the space of k-SIIRVs. As a
byproduct of our techniques, we characterize the sample complexity of learning k-SIIRVs (up to
constant factors), and moreover we obtain a computationally efficient learning algorithm with near-
optimal sample complexity. Our results answer the main open questions of [DDS12b, DDO™13].

Along the way we prove several new structural results of independent interest about k-SITRVSs,
including: the approximate sparsity of their Fourier transform; tight upper and lower bounds on e-
covers (in total variation distance and Kolmogorov distance); and a novel geometric characterization
of the space of k-SIIRVs, that is crucial for our sample complexity lower bound. Below, we state
our results in detail and elaborate on their context and the connections between them.

Learning SITRVs via the Fourier Transform. As our first result, we give a sample near-
optimal and computationally efficient learning algorithm for k-SIIRVs:

Theorem 1.1 (Nearly Optimal Learning of k-SIIRVS). There is a learning algorithm for k-SIIRVs
with the following performance guarantee: Let P be any k-SIIRV of order n. The algorithm uses
O(k/€?) samples from P, runs in tim O(k3/€?), and with probability at least 2/3 outputs a (suc-
cinct description of a) hypothesis H such that dry (H,P) < e.

Our algorithm outputs a succinct description of the hypothesis H, via its Discrete Fourier
Transform (DFT) H, which is supported on a set of small cardinality. The DFT immediately gives
a fast evaluation oracle for H. We also show how to use the DFT, in a black-box manner, to obtain
an efficient approximate sampler for the target distribution P. Our efficient learning algorithm is
described in Section In Section we give the efficient construction of our sampler.

We remark that the sample complexity of our algorithm is optimal up to logarithmic factors.
Indeed, even learning a single k-IRV to variation distance e requires Q(k/ €2) samples. For the
case of k = 2, [DDS12b] gave a learning algorithm that uses O(1/e?) samples, but runs in quasi-
polynomial time, namely (1/¢)P°¥18(1/€) More recently, [DDOT13] studied the case of general k,
and gave an algorithm that uses poly(k/e) samples and time. Notably, the degree of this polynomial
is quite high: the sample complexity of the [DDO¥13] algorithm is Q(k?/€%). Theorem gives a
nearly-tight upper bound on the sample complexity of this learning problem, and does so with a
computationally efficient algorithm.

Given our O(k/e?) sample upper bound, it would be tempting to conjecture that ©(k/€?) is in
fact the optimal sample complexity of learning k-SIIRVs. If true, this would imply that learning a
k-SIIRV is as easy as learning a k-IRV. Surprisingly, we show that this is not the case:

*We work in the standard “word RAM” model in which basic arithmetic operations on O(logn)-bit integers are
assumed to take constant time.



Theorem 1.2 (Optimal Sample Complexity). For any k € Z, e < 1/poly(k), there is an algorithm
that learns k-SIIRVs within variation distance € using O((k/e?)+/log(1/€)) samples. Moreover, any
algorithm for this problem information-theoretically requires Q((k/€?*)+/log(1/¢€)) samples.

Theorem precisely characterizes the sample complexity of learning k-SITRVs (up to constant
factors) by giving an upper bound and a matching information-theoretic sample lower bound.
The sharp sample complexity bound of ©((k/e?)y/log(1/e€)) is surprising, and cannot be obtained
using standard information-theoretic tools (e.g., metric entropy). We elaborate on this issue in
Section [I.4

We remark that the upper bound of Theorem does not specify the running time of the corre-
sponding algorithm. This is because the simplest such algorithm actually runs in time exponential
in k. For the important special case of k = 2, we obtain a sample-optimal learning algorithm that
runs in sample-linear time:

Theorem 1.3 (Optimal Learning of PBDs (2-SIIRVs)). For any € > 0, there is an algorithm that
learns PBDs within variation distance € using O((1/€?)+/log(1/€)) samples and running in time

O((1/€%)/log(1/e)).

The upper bound of Theorem and Theorem are established in Section Our tight
sample complexity lower bound is proved in Section

Using the Fourier Transform for Distribution Learning. Our learning upper bounds are
obtained via an approach which is novel in this context. Specifically, we show that the Fourier
transform of k-SIIRVs is approximately sparse, and exploit this property to learn the distribution
via learning its Fourier transform in its effective support. The sparsity of the Fourier transform
explains why this family of distributions is learnable with sample complexity independent of n, and
moreover it yields the sharp sample-complexity bound. The algorithmic idea of exploiting Fourier
sparsity for distribution learning is general (see Section , and was subsequently used by the
authors in other related settings [DKS15al, [DKS15b].

Structure of k-SITRVs. Our core structural result is the following simple property of the Fourier
transform of k-SIIRVs:

Any k-SIIRV with “large” variance has a Fourier transform with “small” effective support.

One can obtain different versions of the above informal statement depending on the setting and
the desired application. See Lemma for a formal statement in the context of the DFT. The
Fourier sparsity of k-SITRVs forms the basis for our upper bounds in this paper. As previously
mentioned, this structural property motivates and enables our learning algorithm. Moreover, it is
useful in order to obtain sparse e-covers for S, i, the space of k-SIIRVs, under the total variation
distance.

More specifically, using the approximate sparsity of the Fourier transform of SIIRVs combined
with analytic arguments, we obtain a computationally efficient algorithm to construct a proper
e-cover for S, i, of near-minimum size. In particular, we show:

Theorem 1.4 (Optimal Covers for k-SIIRVs). For e < 1/k, there exists a proper e-cover S, j . C

Snk of Spi under the total variation distance of size |Sp el < n - (1/€)Ok1og(1/€) that can be
constructed in polynomial time.



The best previous upper bound on the cover size of 2-SIIRVs is n? +n - (l/e)o(logQ(l/e)) [DP09al,
DP14). For k > 2, [DDOT13] gives a non-proper cover of size n - 200 (k/€),

Our proper cover upper bound construction provides a smaller search space for essentially any
optimization problem over k-SIIRVs. Specifically, Theorem has the following implication in
computational game theory: Via a connection established in [DP07, [DP09a], the proper cover
construction of Theorem (for k = 2) yields an improved poly(n) - (1/€)00°e(1/9)) time algorithm
for computing e-Nash equilibria in anonymous games with 2 strategies per player. Our matching
lower bound on the cover size implies that the “cover-based approach” cannot lead to an FPTAS
for this problem. We note that computing an (exact) Nash equilibrium in an anonymous game with
a constant number of strategies was recently shown to be intractable [CDO15]. Our cover upper
bound is proved in Section

We also prove a matching lower bound on the cover size, showing that our above construction
is essentially optimal:

Theorem 1.5 (Cover Size Lower Bound for k-SIIRVs). For e < 1/poly(k), and n = Q(log(1/e€)),
any e-cover for S, i has size at least n - (1/¢)?k1oe(1/e),

Before our work, no non-trivial lower bound on the cover size was known. We view the inherent
quasi-polynomial dependence on 1/e of the cover size established here as a rather surprising fact.
Our cover size lower bound proof relies on a new geometric characterization of the space of k-SITRVs
that we believe is of independent interest, and may find other applications. Our tight lower bound
on the sample complexity of learning k-SITRVs relies critically on this characterization. Our cover
size lower bound is proved in Section

1.3 Preliminaries We record a few definitions that will be used throughout this paper.

Distributions and Metrics. For m € Z., we denote [m] o {0,1,...,m}. A function P : A —

R, over a finite set A, is called a distribution if P(a) > 0 for all a € A, and ) ., P(a) = 1. The
function P is called a pseudo-distribution if ), 4 P(a) = 1. For a pseudo-distribution P over [m],
m € Z, we write P (i) to denote the value Prx,.p[X = i] of the probability density function (pdf)
at point i, and P(< 7) to denote the value Pry.p[X < ] of the cumulative density function (cdf)
at point i. For S C [n], we write P(S) to denote } ;¢ P(i).

The total variation distance between two (pseudo-)distributions P and Q supported on a finite

set Aisdry (P, Q) o maxsca [P(S) — Q(S)| = (1/2)-||P —Q||;. Similarly, if X and Y are random

variables, their total variation distance dpy (X, Y) is defined as the total variation distance between
their distributions. Another useful notion of distance between distributions/random variables is the

Kolmogorov distance, defined as dk (P, Q) i sup,cr |P(< 2) — Q(< x)|. Note that for any pair of
distributions P and Q supported on a finite subset of R we have that dx (P, Q) < drv (P, Q).

Distribution Learning. Since we are interested in the computational complexity of distribution
learning, our algorithms will need to use a succinct description of their hypotheses. A simple
succinct representation of a discrete distribution is via an evaluation oracle for the probability
mass function. For € > 0, an e-evaluation oracle for a distribution P over [m] is a polynomial
size circuit C with O(logm) input bits such that for each input z, the output of the circuit C(z)
equals the binary representation of the probability P’(z), for some pseudo-distribution P’ which
has dry (P’,P) < e. Another general way to succinctly specify a distribution is to give the code
of an efficient algorithm that takes “pure” randomness and transforms it into a sample from the
distribution. This is the standard notion of a sampler. An e-sampler for P is a circuit C with



O(log m +1log(1/€)) input bits z and O(logm) output bits y which is such that when z ~ U,,, then
y ~ P’, for some distribution P’ which has dpy (P, P) < e.

We emphasize that our learning algorithms output both an e-sampler and an e-evaluation oracle
for the target distribution.

Covers. Let F be a family of probability distributions. Given § > 0, a subset G C F is said to be
a proper 6-cover of F with respect to the metric d(-,-) if for every distribution P € F there exists
some Q € G such that d(P,Q) < ¢. If G is not a subset of F, then the cover is called non-proper.
The d-covering number for (F,d) is the minimum cardinality of a d-cover. The d-packing number
for (F,d) is the maximum number of points (distributions) in F at pairwise distance at least §
from each other.

1.4 Our Approach and Techniques The unifying idea of this work is an analysis of the
structure of the Fourier Transform (FT) of k-SIIRVs. The FT is a natural tool to consider in this
context. Recall that the FT of a sum of independent random variables is the product of the FT’s
of the individual variables. Moreover, if two random variables have similar FT’s, they also have
similar distributions. These two basic facts are the starting point of our analysis. We now provide
an overview of the ideas underlying our results, and give a comparison to previous techniques.

Discussion & Previous Approaches for Learning SITRVs. Let D be a family of distributions
over a domain of size N. How many samples are required to learn an arbitrary P € D within
variation distance €? Without any restrictions on D, it is a folklore fact that the sample complexity
learning is ©(N/e?). The optimal learning algorithm in this case is the obvious one: output the
empirical distribution. By exploiting the structure of the family D, one may obtain better results.

A very natural type of structure to consider is some sort of “shape constraint” on the probability
density function, such as log-concavity or unimodality. There is a long line of work in statistics on
this topic (see, e.g., the books [BBBBT72, [GJ14]), and more recently in TCS [DDS12al, [CDSS14al,
CDSS14bl [ADLS15]. Alas, it turns out that k-SIIRVs do not satisfy any of the shape constraints
considered in the literature (see [DDO™13] for a discussion).

A different type of structure, based on the notion of metric entropy [Yat85, Bir86, [DLO1], yields
the following implication: If a distribution class D has an €/2-cover of size M, then it is learnable
with O(log M /€?) samplesﬂ In a celebrated paper in information theory [YB99], Yang and Barron
show that, for broad families of (continuous) distributions, the metric entropy characterizes the
sample complexity of learning. For k-SIIRVs, however, this is not the case: Via Theorem the
metric entropy method implies a sample upper bound of O((1/€?) -logn + (k/€?) - log®(1/¢)). Note
that, since our cover size upper bound is tight, this sample bound is the limit of the metric entropy
method for k-SITRVs. Thus, this method gives a suboptimal sample upper bound for our learning
problem, both qualitatively (dependence on n), and quantitatively (dependence on ).

Previous work on learning k-SITRVs [DDS12b, IDDO™13] relies on a certain “regularity” lemma
about the structure of these distributions: Any k-SITRV is either e-close in total variation distance
to being L = O(k?/e*)- “sparse”, i.e., it is supported on a set of at most L consecutive integers, or
e-close to being “Gaussian like”. In the former case, the distribution can be learned using O(L/¢e?)
samples, and in the latter case one can exploit the Gaussian structure to learn with a small number
of samples as well. Unfortunately, the sparse case is a bottleneck for this approach, as any algorithm
to learn a istribution over support L requires Q(L/e?) samples. Hence, one needs to exploit the
structure of k-SIIRVs beyond the aforementioned.

3We remark that the running time of this method is Q(M/e?), which is not necessarily polynomial in the sample
size.



Our Learning Approach. In this paper, we depart from the aforementioned approaches. We
identify a simple condition — the approximate sparsity of the Fourier transform — as the “right”
property that determines the sample complexity of our learning problem. The Fourier sparsity
explains why the sample complexity of learning k-SIIRVs is independent of n, and allows us to
obtain the sharp sample bound as a function of both £ and e. We show that this is a more general
phenomenon (see Theorem in Section : any univariate distribution that has an s-sparse
Fourier transform, in a certain well-defined technical sense, is learnable with O(s/€?) samples.

Our computationally efficient learning algorithm proceeds as follows: It starts by drawing an
initial set of samples to determine the effective support of the target distribution and its Fourier
transform. This is achieved by estimating the mean and variance of our SIIRV. We remark that,
for computational purposes, our algorithm uses the Discrete Fourier Transform (DFT). For the
appropriate definition of the DFT, we show (Lemma there exists an explicit set S of cardinality
|S| = O(k%log(k/¢)) that contains all the “heavy” Fourier coefﬁcientsﬂ Our algorithm then draws
an additional set of samples to estimate the DFT of the target distribution at the points of the
effective support S, and sets the DFT to 0 everywhere else. By exploiting the sparsity in the
Fourier domain, we show that the inverse of the empirical DFT achieves total variation distance
€/2 after O(k/e?) samples. Note that an explicit description of an accurate hypothesis for our
learning problem can have an effective support of size Q(ky/n). While we can easily obtain such a
description (by explicitly computing the inverse DFT), this would not lead to a computationally
efficient algorithm. We instead output a succinct description of our hypothesis (in time that is
independent of n). In particular, our algorithm outputs the empirical DFT at the points of its
effective support. Our learning algorithm is given in Section

We emphasize that the implicit description of the hypothesis H, via its DF'T fI, is sufficient to
obtain both an approximate evaluation oracle and an approximate sampler for the target k-SIIRV
P. Obtaining an approximate evaluation oracle is straightforward: Since H is supported on the set
S, we can compute H(7) in time O(|S]). To obtain an efficient sampler, we proceed in two steps:
We first show how to efficiently compute the CDF of H, using oracle access to the the DFT H. To
do this, we express the value of the CDF at any point via a closed form expression involving the
values of H. Given oracle access to the CDF, we use a simple binary search procedure to sample
from a distribution Q satisfying dry (Q, H) < €/2. Our sampler is given in Section

Finally, we note that our above-described Fourier-learning algorithm achieves a near-optimal
sample complexity (up to logarithmic factors). The basic idea to obtain the optimal sample com-
plexity is to smoothly mollify the DFT instead of truncating it. This removes some artifacts caused
by a sharp truncation and yields a hypothesis whose error from the true distribution decays rapidly
as we move away from the mean. Our sample-optimal upper bound is established in Section

Cover Upper Bound. We start by commenting on previous approaches for proving cover upper
bounds in this context. The main technique for the 2-SIIRV cover upper bound of [DP09a] is the
following lemma (that is deduced in [DP09a] using a result from [Roo00]): If two 2-SIIRVs agree on
their first Q(log(1/€)) moments, then their total variation distance is at most €. First, we show that
this moment-matching lemma is quantitatively tight: we give an example of two 2-SIIRVs over k+1
variables that agree on the first & moments and have variation distance 2~**) (Proposition .

We emphasize however that such a moment-matching technique cannot be generalized to k-
SIIRVs, even for k£ = 3. Intuitively, this is because knowledge about moments fails to account for
potential periodic structure of the probability mass function that comes into play for £ > 2. For

“We moreover show that there exists a set of cardinality O(klog(k/e)) that contains all the “heavy” Fourier
coefficients, alas this smaller set is not explicitly known a priori.



example, Q(n) moments do not suffice to distinguish between the cases that a 3-SIIRV of order n is
supported on the even versus the odd integers. More specifically, in Proposition (Appendix ,
we give an explicit example of two 3-SIIRVs of order n/2 that agree exactly on the first n — 1
moments and have disjoint supports.

In conclusion, moment-based approaches fail to detect periodic structure. On the other hand,
this type of structure is easily detectable by considering the Fourier transform. Our cover upper
bound hinges on showing that the Fourier transform of a k-SIIRV is necessarily of low complexity,
i.e., it can be succinctly described up to small error. In particular, since the Fourier transform
is smooth, we show (Lemma , roughly, that its logarithm can be well approximated by a low
degree Taylor polynomial on intervals of length O(1/k). (Our actual statement is somewhat more
complicated as it needs to account for roots of the Fourier transform close to the unit circle.)
Therefore, providing approximations to the low-degree Taylor coefficients of the logarithm of the
Fourier transform provides a concise approximate description of the distribution.

Cover Lower Bound & Sample Lower Bound. Our lower bounds take a geometric view of
the problem. At a high-level, we consider the function that maps the set of n(k — 1) parameters
defining a k-SIIRV to the corresponding probability mass function. We show that there exists
a region of the space of distributions where this function is locally invertible. For k = 2, we in
fact show that the distribution of any 2-SITRV with distinct parameters lies in the interior of this
region. This structural understanding allows us to use certain appropriately defined expectations to
extract the effect of individual parameters on the distribution. In addition, for n = ©(log(1/¢)), we
show that near a particular k-SIIRV not only is the map from parameters to distribution locally a
bijection, but that this map is actually surjective onto a ball of reasonable size. In other words, near
this particular distribution, the Q(klog(1/¢)) parameters of the output distribution are effectively
independent, which intuitively implies the (1/€)2(k102(1/€)) Jower bound on the cover size.

To prove our sample lower bound, at a high-level, we combine the aforementioned geometric
understanding with Assouad’s lemma [Ass83]. We note that one might naively expect that such
a situation would lead to a lower bound of Q(klog(1/€)/€?), but since the distributions under
consideration have additional structure, it turns out that the best lower bound that can be obtained

is Q(k+/log(1/¢)/€?).

1.5 Related Work Density estimation is a classical topic in statistics and machine learning with
a rich history and extensive literature (see e.g., [BBBB72, [DG85, [Sil86) [Sco92) [DLO1]). The reader
is referred to [Ize91] for a survey of statistical techniques in this context. In recent years, a large
body of work in TCS has been studying these questions from a computational perspective; see
e.g., [KMR94, [FM99, [AKOT], [CGG02, VW02, [FOS05, BS10, KMV10, MV10, [DDS12al, [DDS12h),
DDO™ 13, [CDSST4al [CDSS14bl, [ADLST5].

Covering numbers (and their logarithms, known as metric entropy numbers) were first defined
by A. N. Kolmogorov in the 1950’s and have since played a central role in a number of areas, in-
cluding approximation theory, geometric functional analysis (see, e.g., [Dud74, Mak86l, BGL07] and
the books [KTH9, [Lor66l [CS90, [ET96]), geometric approximation algorithms [HpI11], information
theory, statistics, and machine learning (see, e.g., [Yat85l [Bir86l, [HI90, HO97, [YB99, [(GS13] and the
books [vdVW96l, DLOT, [Tsy0§g]).

Concurrent Work. Concurrent work by Daskalakis et al. [DKT15], using different techniques,
gives upper bounds on the learning sample complexity of Poisson Multinomial Distributions (PMDs).
While upper bounds on the sample complexity of PMDs yield similar upper bounds for k-SIIRVs,
the implied upper bounds for k-SIIRVs are quantitatively significantly weaker than ours. Moreover,
the [DKT15] learning algorithm has running time exponential in k£ and super-polynomial in 1/e.
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Subsequent Work. In a followup work [DKS15a], the authors have generalized the techniques of
this paper to the multidimensional case, namely to the family of Poisson Multinomial Distributions
(PMDs), i.e., sums of independent random vectors supported over the standard basis in R¥. We note
that the results of the current paper are not subsumed by the results of [DKSI5a]. In particular,
[DKS15a] gives an efficient learning algorithm for PMDs that uses log®®)(1/¢)/e? samples, and
proves that the optimal cover size for PMDs depends doubly exponentially on k.

1.6 Organization In Section [2] we describe and analyze our learning algorithms for k-SITRVs.
Section [3| contains our cover upper bound construction. Our cover lower bound is given in Section [4]
and our sample lower bound in Section

2 Learning SITRVs

In this section, we describe our algorithms for learning k-SIIRVs. The structure of this section is
as follows: In Section we give our sample near-optimal and computationally efficient learning
algorithm. As mentioned in the introduction, our algorithm outputs a succinct description of its
hypothesis H, via its DFT. In Section we provide a simple general algorithm that learns any
one-dimensional discrete distribution with a sparse Fourier support. In Section we show how
to efficiently obtain an e-sampler for our unknown k-SIIRV, using the DFT representation of H
as a black-box. Finally, in Section [2.4] we present our more sophisticated Fourier-based learning
algorithm with optimal sample complexity.

2.1 A Computationally Efficient Sample Near-Optimal Algorithm The main result of
this subsection is Theorem [1.1] which we state below in more detail for the sake of completeness.

Theorem 2.1. There is an algorithm Learn-SIIRV that for any P € S, and € > 0, takes
O(klog?(k/e)/€?) samples from P, runs in time O(k®/€?) and returns a (succinct description of a)
hypothesis H so that with probability at least 2/3 we have that dry (P, H) < e.

For computational purposes, our learning algorithm in this section uses the Discrete Fourier
Transform, which we now define.

Definition 2.2. For z € R we will denote e(x) « exp(—2miz). The Discrete Fourier Transform
(DFT) modulo M of a function F : [n] — C is the function F : [M — 1] — C defined as F(£) =
> i—oe(§i/M)F(j) , for integers § € [M — 1]. The DFT modulo M of a distribution P, P is the
DFT modulo M of its probability mass function. The inverse DFT modulo M onto the range
[m,m+ M — 1] of F : [M — 1] — C, is the function F' : [m,m + M — 1] NZ — C defined by
F(j) =7 22\4:61 e(—&j/M)F () , for j € [m,m+ M — 1] NZ. The Ly norm of the DFT is defined

s [|Fllo = /4 S HE©)

We start by giving an intuitive explanation of our approach. The Fourier transform Q of the
empirical distribution Q provides an approximation to the Fourier transform PofP. In particular,
if we take N samples from P, we expect that the empirical Fourier transform Q has error O(N~1/2)
at each point. This implies that the expected Loy error HQ — 13”2 is O(N -1/ 2), and thus by applying
the inverse Fourier transform, would yield a distribution with Lo error of O(N~/2) from P. This
guarantee may sound good, but unfortunately, the distribution P has effective support of size
approximately sy/log(1/€), where s = y/Varxp[X], and thus the resulting distribution will likely
have L error of O(N~1/251/210g'/4(1/e€)) from P. This bound is prohibitively large, especially
when the standard deviation of P is large.



This obstacle can be circumvented by relying on a new structural result that we believe may be
of independent interest. We show that for any k-SIIRV with large variance, its Fourier Transform
will have small effective support. In particular, for any k-SIIRV with standard deviation s and
e > 0 we consider its Discrete Fourier transform modulo M, and show the set of points in [M — 1]
whose Fourier transform is bigger than e in magnitude has size at most O(Mks~'y/log(1/¢)). By
choosing M to be approximately sy/log(1/¢), i.e., of the same order as the effective support of P,
we conclude that the effective support of P (modulo M) is O(klog(1/e)).

If the effective support for P was explicitly known, we could truncate our empirical Dis-
crete Fourier transform Q (modulo M) outside this set and reduce the Ly error |Q — Py to
N~12[1/25=1/210g1/4(1 /€). This in turn would correspond to an L error of O(N~Y2k1/2, /log(1/e)).
Unfortunately, we do not know exactly where the support of the Fourier transform is, so we will
need to approximate it by calculating the empirical DFT where the support might be, and then
simply truncating this empirical DF'T whenever it is sufficiently small. Fortunately, we do have
some idea of where the support is and it is not hard to show that we can truncate at all of the
appropriate points with high probability.

Algorithm Learn-SIIRV
Input: sample access to a k-SIIRV P and € > 0.

Let C be a sufficiently large universal constant.

1. Draw O(1) samples from P and with confidence probability 19/20 compute: (a) 72, a factor
2 approximation to Varx.p[X]|+ 1, and (b) 1, an approximation to Ex.p[X] to within one
standard deviation.

2. Take N = C%k/e?In(k/€) samples from P to get an empirical distribution Q.

3. If & < 4k1n(4/e€), then output Q. Otherwise, proceed to next step.

4. Set M 1+ 2[65,/In(4/e))]. Let

S ee M —1]|3a,beZ,0<a<b<ksuch that |¢/M — a/b| < O(log(k/e)/M)} .
For each £ € S, compute the DFT modulo M of Q at &, Q(ﬁ)

5. Compute H which is defined as H(¢) = Q(¢) if € € S and |Q(¢)| > R := 2C'¢/\/kIn(k/e),
and H(§) = 0 otherwise.

6. Output H which is a succinct representation of H, the inverse DFT of H modulo M onto
the range [[ji] — (M —1)/2, [ji) + (M —1)/2].

The bulk of our analysis will depend on showing that the Fourier transform of P has appropri-
ately small effective support. To do this we need the following lemma:

Lemma 2.3. Let P € S, with \/Varxp[X] =5, 1/2> 08>0, and M € Z, with M > s. Let P
be the discrete Fourier transform of P modulo M. Then, we have

. def In(1/4)
(i) Let L= L(6,M,s) = {f €[M—1]|3a,b€Z,0<a<b<k such that |/M — a/b| < Y—; } :
Then, |P(€)| < 6 for all € € [M—1]\L. That is, |P(&)| > & for at most |£] < Mk2s~1,/log(1/6)

values of € .

(i) At most 4Mks~t\/log(1/8) many integers 0 < & < M — 1 have |f’(§)| >4 .



Before we proceed with the proof of the lemma some comments are in order. Statement (i)
of the lemma exhibits an explicit set £ of cardinality O(Mk?s~1y/log(1/6)) that contains all the
points £ € [M — 1] such that \13(45)| > §. Note that the set £ can be efficiently computed from M,
J, s, and does not otherwise depend on the particular k-SIIRV P. Statement (ii) of the lemma
shows that the effective support £’ = ( ) ={¢ e [M—1]||P(€)| > 6§} is in fact significantly
smaller than £, namely |£'| = O(Mks™"y/log(1/6)). This part of the lemma is non-constructive
in the sense that it does not provide an explicit description for £ (beyond the fact that £’ C L).
The upper bound on the size of the effective support is the basis for the analysis of our algorithm.

Proof of Lemma[2.3 Since P € S, 1, for X ~ P, we have X = > | X; where each X; ~ P; for a k-
IRV P;. Let Y; = X; — X/ be the difference of two independent copies of X;. Let p;; = Pr[|Y;| = j].
Note that ¥; is a symmetric random variable. Consider its DF'T modulo M which we will write as
Y;. We have the following sequence of (in)equalities:

Pi(6)* =Pi(O)Pi(—¢) = Yi(6)
— 21 — 2r¢j
= pi<cos(>:1— pi-<1—cos <)>
=0 ’ M ; ! M
k—1 k-1
< 1-8) pyléi/MP? <exp | =8 piylsi/MI? |
j=1 j=1

where [z], z € R, denotes the distance between x and its nearest integer. For the last two inequal-
ities, we used that cos 27z < 1 — 822 when |z| < 1/2,and e ™ > 1 — 2 When x> 0.

Therefore, we have that [P(€)]> = [Ti; [Pi(€)* < exp(—8 30, Y571 pijl€j/M]?). Taking
square roots, we obtain

n k-1
|P ( |<eXp< 422191]5]/]\4 ) "
1=1 j=1
Note that we can relate the variance of P to the p;;’s as follows:
1 i 1 n k—1
%) = 2
s = Var[X ZVar §ZE[Y¢]—§ZZPMJ . (2)
=1 i—1 j=1
USlng 7 we get
~ oy
IP(§)] < exp <—832 <min (M])2>> '
J J

To complete the proof of (i), we will need a simple counting argument given in the following claim:

Claim 2.4. For a € Ry j € Z, there are at most 2Maj + j integers 0 < & < M — 1 with the
following property: there exists ¢ € Z with 0 < ¢ < j such that |{/M — c¢/j| < a. Therefore, there
are at most 2Ma + j integers 0 < & < M — 1 with [£j/M] < a.

Proof. For each csatisfying 1 < ¢ < j—1 there are either |2Ma] or [2Ma]+1 integers 0 < £ < M —1
with |% — %] < a. For ¢ = 0 and ¢ = j there are cither [Ma] or [Ma]+1 integers with |% -4l <a.

Finally, note that \% — §| < a for some 1 < ¢ < j—1if and only if [j§/M] < aj. O
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An application of the above claim for a = (1/2s)4/In(1/9) implies that there are at most
k—1
> oMjsT'\/In(1/6)/2 4 j < Mk*s™'\/In(1/8) + k* < 2Mk*s~"'\/In(1/0)
j=1

integers 0 < & < M — 1 with min; (%)2 < In(1/6)/(4s%). For all other integers we have

IP(£)| <&, which completes the proof of (i).

To prove (ii) we proceed by the probabilistic method as follows: Consider evaluating the RHS
of (1) with & being an integer random variable uniformly distributed in [M —1]. For 1 < j <k -1,
let N; be the indicator random variable for the event that [£j/M] < ks™1y/In(1/5)/2. Observe
that by Claim [2.4] it follows that E[N;] < 2ks~',/In(1/5).

Note that [ §]/M V1= k:sfls/ln (1/6)/2. Plugging this into (1) gives

n k—1

B) <oxp | 5 n(1/6) S pij(1— N

i=1 j=1

: 2 - .
Since s? = $ 31 12] I piji? < < kEsm, Z?lepij, it follows that 6 := > " 123 L pij > 252 /K2
Therefore,

n

By Markov’s inequality, except with probability 4ks™1y/In(1/6), we have that > 1 Z] I pijNj <
. In this event, we have Y, ZJ L pij(1 = Nj) > % and hence

piiN; | <0-2ks™1y/In(1/9).

HMT

N k‘2 n k-1 ]{?2 9
POl <o | =51/ 3 Sl =N | < exp (—821n<1/6>2> <s.
=1 j=

Since ¢ is uniformly distributed on [M — 1], it follows that [P(£)| > 6 for at most 4Mks~!\/In(1/3)
integers & in [M — 1]. This completes the proof of (ii). O

We are now ready to prove Theorem

Proof of Theorem[2.1]. Note that it is straightforward to verify the sample complexity bound. The
running time of the algorithm is dominated by computing the DE'T Q Since the support of Q is at
most N, for each £ € S, we sum at most N terms to calculate Q(&). Therefore, the overall running
time is O(N - |S]) = O(klog?(k/€)/€* - k* log(k/€)) = O(k3log®(k/€)/€?) as claimed. R R

To show correctness, we will prove that the expected squared Lo norm between H and P is
small, i.e., that |H — f’H% =(1/M) - Z \H( ) — P(€)|? has small expected value.

It is easy to see that, after drawmg a constant number of samples, the quantities © and o can
be estimated to satisfy the required conditions with probability at least 19/20. (This follows for
example by Lemma 6 of [DDS12b] with € = 1/2.) We will henceforth condition on this event.

If ¢ < 4kIn(4/e), then s < 2kIn(4/e) + 1, and Bernstein’s inequality implies that X ~ P is
within O(klog(1/€)) of the mean with probability 1 — ¢/2. In this case, O(klog(1/e)/€?) < N
samples are sufficient to give that dry (P, Q) < e with probability 2/3. (This follows from the fact
that any distribution over support of size L can be learned with O(L/€?) samples to total variation
distance €.) We henceforth assume that we have | — | <'s, s > 0/2 > 2kIn(4/¢) and o < 2s.

11



Since M = 1+2[60+/In(4/¢))], a random variable X ~ P lies in [|z| — (M —1)/2, || + (M —
1)/2] with probability at least 1 — £. Indeed, an application of Bernstein’s inequality for X yields
that

t2
Pr(X>pu+t)<exp| ———— 1,
K> pti) < p( 2s2+§/~ct>

where 1 is the mean of P, for any t > 0. For t = 2s,/In(4/€), we have t?* = (In(4/¢))4s* and
25 + 2kt = 2s% + %ks In(4/e) < 8s? < 4s%. Thus, Pr(X > p+t) < ¢/4. Similarly, it holds
Pr(X < p—1t) < ¢/4. Now note that || + (M —1)/2 > (u — s) + [3sy/In(4/€))] > p+ ¢ and
g — (M —1)/2 < p—t. Hence, X isin [|u| — (M —1)/2, ] + (M — 1)/2] with probability at
least 1 — €/2 as desired.

Fix T = R/2=C"1e/(\/kIn(k/e)). We analyze separately the contribution to the squared Lo
norm coming from ¢ with |P(¢ )| > T and with [P(£)| < T. Let us denote £/(T) = {¢ € [M —1] |
|P(¢)| > T}. First consider

i~k

(/M) " [HE - P

£eL’(T)

We first claim that with high probability ﬁ(g) =0 for all ¢ € £/(T). This happens automatically
when ¢ € S, where the S is defined in the algorithm description. Note that |S| = O(k?log(k/e)).
For £ € S\ L'(T'), we note that Q(¢) is an average of N i.i.d. numbers eaChAof absolute value 1
and mean P(§) (which has absolute value less than 1). Note that if |Q(§) — P(£)] > R — T, then
either the real or the i 1mag1nary part is at least (R —T)/v2 V2. By a Chernoff bound, the probability
that for a given & € S\ £/(T), R(Q(¢) — P(¢)) > (R — T)/v?2 is at most 2exp(—N(R — T)%/4).
The same is true of the imaginary part so by a union bound the probability that ]Q( )—P(&)] >
R —T is at most 4exp(—N(R — T) /4). Again by a union bound we get that the probability that
any £ € S\ £/(T) has |Q(¢) — P(¢)| > R — T is at most O(k%log(k/e) exp(—N(R — T)%/4)) =
O(k?log(k/e€) exp(—=Cln(k/e))) = O(e =1, Hence, except with probability O(e C=1), for all ¢ in
S\ L'(T) we have |Q(&) —P(§)| < R—T and so |Q(&)| < R. In fact, the total expected contribution
to the squared Lo norm coming from cases when ﬁ(g) is not identically 0 on all such £ is also
O(e“~1). Therefore, up to negligible error, the squared Lo error coming from this range is at most

Lo [(#E P >T2 )
> (12 )2< i )

r>0

Applying Lemma (i) with § := T27"~! for each r > 0, this is at most

> (r27)? <#{§: |13@A’4> TQ_H}) <) 1?47 4ks !\ /log(27/T)

r>0 r>0
< 8T%ks™1/log(1/T).

We now consider the remaining contribution

(/M) > [H(E) -

£eL(T)

=k

©)*.

By Lemma [2.3] (i) applied with 6 := T, it follows that £'(T) C £(T, M, s). Since /In(1/T)/2s =
O(log(k/€) /M), we can choose the constant in the deﬁnltloAn of S so that L(T,M,s) C S. So, for
¢ € L£/(T), we do compute Q({) and then either H(¢) = Q(&) or \Q( )] < R and H({) =0. In

12



either case, we have that |H(¢) — Q(€)| < R. Recall that the expected size of |Q(€) P(¢)* is 1/N
for any € € [M —1]. So, for £ € L'(T), the expected squared error at § satisfies EHH( ) —P(&)]?] <
2(R2+ N71).

By Lemma (ii) applied with § := T, we have |£'(T)| < 4ks™'y/In(1/T). So, the expected
size of the L3 error on £'(T) has

E[(1/M)- Y |H(E) - P(6)P] < 4(R? + N7V (2ks~'/In(1/T)) .

§eL/(T)
Combining the above results, we find that the expected L% error between H and P is at most

AR? 4+ N7+ T?)(2ks 1y /log(1/T)) = O(C~ s 1e? /\/log(k/€)).

Therefore, if C' is sufficiently large, Markov’s inequality yields that, with probability %, we have
IH - P} < /M.

At this point, we would like to use Plancherel’s theorem followed by Cauchy-Schwartz to com-
plete the proof. Formally, since P may be supported outside [[i] — (M —1)/2, ||+ (M —1)/2], we
cannot use Plancherel’s theorem directly to show that |[H—P||, = |H—P||5. Instead, consider the
function P« [ ] — (M —1)/2, [a) + (M —1)/2]NZ — [0,1] defined as P'(i) = 3" ,—; (1oa ar) P(J)
for |fi) — (M —1)/2 < i < |fi] + (M —1)/2. Note that P/ = P by the definition of the DFT
modulo M, since e({j/M) = e(§i/M) when j =i (mod M) for all £ € [M —1] and 4, j € [n]. Thus,
|H — f’\’Hg < €2/M and Plancherel’s theorem gives |[H — P’||; = ||H — ]/.)\,HQ < ¢/v/M. Since P’ has
support at most M, an application of Cauchy-Schwartz gives |[H — P’||; < [[H — P’||sv/M < .

Since X ~ P isin [|p] — (M —1)/2, || + (M — 1)/2] with probability at least 1 — €/2, we
have |[P — P/||; < e and so [P — H||; < |P — P/||; + |[H — P’y < 2e. Since H(0) = Q(0) = 1, it
follows that )" (H(i) = 1. Also, by symmetry, all the H(7)’s are real. This completes the proof
of Theorem 211 O

2.2 A General Fourier Learning Algorithm The algorithmic approach of the previous sub-
section is not specialized to k-SIIRVs, but is applicable more generally. In essence, the approach
really only depended upon two facts:

o P is effectively supported on a small set T.
o Pis effectively supported on a small set S.

It turns out that by using similar ideas, we can learn any probability distribution with these prop-
erties. The following simple theorem provides a generalization for integer-valued random variables.
However, the approach can also be generalized to higher dimensions and to continuous distributions.

Theorem 2.5. Let P be an integer-valued random variable and € > 0. Let T C Z and S C R/Z be
known subsets so that:

S P(n) < /3, and / B(O)2de < 2/(9|T)).

neBT EE(R/T\S

Then, there exists an algorithm which learns P to total variational distance € using N = O(|T|u(S)/€%)
samples, where (1(S) is the Lebesgue measure of S.

13



The generic algorithm is as follows:

Algorithm Learn-Sparse-FT
Input: sample access to a distribution P over [n| and € > 0.

Let C be a sufficiently large universal constant.
1. Take N = C|T|u(S)/€* samples from P to get an empirical distribution Q.
2. Compute H which is defined as H(¢) = Q(€), if € € S, and H(¢) = 0 otherwise.

3. Output H, where I-!\ is the inverse Fourier transform on H restricted to 7. In particular
H(i) = fges e(—n&)H(&)dE for i € T and 0 for i ¢ T.

Note that this is exactly the form of the algorithm for learning k-SIIRVs, except that the latter
algorithm must also learn 7' (which is done by computing an approximate mean and variance) and
S (which is obtained through a thresholding procedure). Also, note that we use the continuous
Fourier transform here rather than a discrete Fourier transform. This is mostly for conceptual
convenience. In practice, the continuous Fourier transform can be replaced by a sufficiently fine
discrete Fourier transform, yielding an algorithm in which the integrals can be replaced by finite
sums.

The analysis of the algorithm is not difficult. We begin by bounding that the expected Lo
difference between P and H. In particular, we note that

/ @@—ﬁ@Q—/ @@—ﬁ@2+/ Bleo) -
€ER/Z es ¢E(R/Z)\S
s/ Be) — )+ /(9[T)).
£es

an)

©)?

Now, for any given value of £, we note that l3(§) — ﬁ(f) has mean 0 and variance at most 1/N.
Therefore, we have that

EU @@—ﬁ@ﬂsm@m:gmmw
£es

For C large enough, by the Markov inequality, this is at most €2/(9|T|) with probability at least
2/3. If this holds, then

| B©-HOF <),
EER/Z

By Plancherel’s Theorem, this would imply that the squared L? distance between P and the inverse
Fourier transform of H is at most €2/(4|T]). Along with Cauchy-Schwartz, this implies that

> [P(n n)| < V(€/(@T))IT| = €/2.

nel

> [P(n)-H(n)= > P(n)<e3.

neZ\T nezZ\T

On the other hand,

Therefore, dry (P, H) < e
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2.3 An Efficient Sampler for our Hypothesis The learning algorithm of Section 2.1 outputs
a succinct description of the hypothesis pseudo-distribution H, via its DFT. This immediately
provides us with an efficient evaluation oracle for H, i.e., an e-evaluation oracle for our target
SIIRV P. The running time of this oracle is linear in the size of S, the effective support of the DFT.

Note that we can explicitly output the hypothesis H by computing the inverse DFT at all the
points of the support of H. However, in contrast to the effective support of H, the support of H
can be large, and this explicit description would not lead to a computationally efficient algorithm.
In this subsection, we show how to efficiently obtain an e-sampler for our unknown k-SIIRV P,
using the DFT representation of H as a black-box. In particular, starting with the DFT of an
accurate hypothesis H, represented via its DFT, we show how to efficiently obtain an e-sampler
for the unknown target distribution. We remark that the efficient procedure of this section is not
restricted to k-SIIRVs, but is more general, applying to all univariate discrete distributions for
which an efficient oracle for the DF'T is available.

In particular, we prove the following theorem:

Theorem 2.6. Let M € Z, and a,b € Z withb—a =M —1. Let H : [a,b] — R be a pseudo-
distribution succinctly represented via its DE'T (modulo M ), H which is supported on a set S, i.e.,
H(z) = (1/M) - > ¢cege(—& - 2)H(E), for x € [a,b], with 0 € S and H(0) = 1. Suppose that there
exists a distribution P with dry (H,P) < €/3. Then, there exists an e-sampler for P, i.e., a sampler
for a distribution Q such that dryv (P, Q) <€, running in time O(log(M)log(M/e) - |S|).

Combining the above with Theorem we get:

Corollary 2.7. For alln,k € Zy+ and € > 0, there is an algorithm with the following performance
guarantee: Let P € S, be an unknown k-SIIRV. The algorithm uses O(klog?(k/e)/e?) samples
from P, runs in time 6(k3/62) -logn, and with probability at least 9/10 outputs an e-sampler for
P. This e-sampler produces a single sample in time O(klog?(kn)log®(k/¢)).

Proof. For the output of algorithm Learn-SIIRV, M = O((1 + 0)+/log(1/€)) = O(kn) and |S| <
|L/(T)| < 2Mks=t/In(1/T) = O(klog(k/e)). O

Note that we can effectively reduce the k-SITRV learning problem to the case of n = poly(k/e).
We can use this fact as a simple bootstrapping step to eliminate the logarithmic dimension on n in
the runtime of the above described sampler. The details are deferred to Appendix

This section is devoted to the proof of Theorem We start by providing some high-level in-
tuition. Roughly speaking, we obtain the desired sampler by the Cumulative Distribution Function
(CDF) corresponding to H. We use the DFT to obtain a closed form expression for the CDF of H,
and then we query the CDF using an appropriate binary search procedure to sample from the distri-
bution. One subtle point is that H(z) is a pseudo-distribution, i.e. it is not necessarily non-negative
at all points. Our analysis shows that this does not pose any problems with correctness.

Our first lemma shows that it is sufficient to have an efficient oracle for the CDF":

Lemma 2.8. Given a pseudo-distribution H supported on [a,b] NZ, a,b € Z, with CDF cg(x) =
Y ia<ics H(P) (which satisfies cu(b) = 1), and oracle access to a function c(x) so that |c(x) —
ca(z)] < €/(10(b — a + 1)) for all x, we have the following: If there is a distribution P with
dry (H,P) < €/3, there is a sampler for a distribution Q with dry (P, Q) <€, using O(log(b+ 1 —
a) +log(1/€)) uniform random bits as input, running in time O((D +1)(log(b+1—a)) +log(1/¢)),
where D is the running time of evaluating the CDF c(x).
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Proof. We begin our analysis by producing an algorithm that works when we are able to exactly
compute cg(z).

We can compute an inverse to the CDF dy : [0,1] — [a,b]NZ, at y € [0, 1], using binary search,
as follows:

1. We have an interval [a/, V], initially [a — 1,b], with cg(a’) <y < eg(V) and cg(d’) < ca().
2. If Y —d =1, output du(y) ='.

3. Otherwise, find the midpoint ¢ = [(a’ +b")/2].

4. If e (a’) < ea(d) and y < e (), repeat with [d’, ¢']; else repeat with [/, b].

The function dg can be thought of as some kind of inverse to the CDF ¢ : [a — 1,0)NZ — [0, 1]
in the following sense:

Claim 2.9. The function dg satisfies: For any y € [0,1], it holds cu(du(y) — 1) <y < cu(du(y))
and cu(du(y) — 1) < ca(du(y)).

Proof. Note that if we don’t have cg(a’) < cu(¢’) and y < cp(c), then cu(d) <y < eu(b). So,
Step 4] gives an interval [a’, b'] which satisfies cg(a’) <y < cg(V') and cg(a’) < cg (V). The initial
interval [a — 1,b] satisfies these conditions since cgr(a — 1) = 0 and cg(b) = 1. By induction, all
[a/,b] in the execution of the above algorithm have cp(a’) <y < cp(b') and cp(a’) < e (V). Since
this is impossible if a’ = ¥/, and Step 4| always recurses on a shorter interval, we eventually have
b’ —a’ = 1. Then, the conditions cg(a’) <y < cg (V') and cg(a’) < cg(V') give the claim. O

Computing dg(y) requires O(log(b—a+1)) evaluations of cgy, and O(log(b—a+1)) comparisons
of y. For the rest of this proof, we will use n = b — a + 1 to denote the support size.

Consider the random variable dg(Y'), for Y uniformly distributed in [0, 1], whose distribution
we will call Q'. When di(Y) = x, we have cg(z — 1) <Y < cug(x), and so when Q'(z) > 0, we
have Q'(z) < Prleu(x — 1) <Y < cu(z)] = cu(x) — ca(z — 1) = H(x). So, when H(z) > 0, we
have H(z) > Q'(x). But when H(z) < 0, we have Q'(z) = 0, since then cg(z) < cg(x — 1) and no
y has cg(z — 1) <y < cg(z). So, we have dry (Q',H) = > wH(z)<o —H(z) < drv(H,P) < ¢/3.

We now show how to effectively sample from Q’. The issue is how to simulate a sample from
the uniform distribution on [0, 1] with uniform random bits. We do this by flipping coins for the
bits of Y lazily. We note that we will only need to know more than m bits of Y if Y is within 27™
of one of the values of cgy(x) for some z. By a union bound, this happens with probability at most
n2~"™ over the choice of Y. Therefore, for m > logy(10n/¢), the probability that this will happen
is at most €/10 and can be ignored.

Therefore, the random variable dgg(Y”), for Y/ uniformly distributed on the multiples of 27" in
[0,1) for » = O(log n + log(1/¢)), has distribution Q' that satisfies dry (Q, Q') < €/10. Therefore,
dry (P, Q") < dpy(P,H) + dry(H, Q) + drv(Q,Q’) < 9¢/10. This is an e-sampler that uses
O(logn +log(1/€)) coin flips, O(logn) calls to cg(z), and has the desired running time.

We now need to show how this can be simulated without access to ¢y and instead only having
access to its approximation ¢(z). The modification required is rather straightforward. Essentially,
we can run the same algorithm using ¢(z) in place of cg(x). Observe that all comparisons with Y
will produce the same result, unless the chosen Y is between c¢(z) and cg(z) for some value of x.
We note that because of our bounds on their difference, the probability of this occurring for any
given value of z is at most €¢/(10n). By a union bound, the probability of it occurring for any =z is
at most €/10. Thus, with probability at least 1 — €/10 our algorithm returns the same result that
it would have had it had access to cp(x) instead of ¢(z). This implies that the variable sampled
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by this algorithm has variation distance at most ¢/10 from what would have been sampled by our
other algorithm. Therefore, this algorithm samples a Q with dry (P, Q) <e. O

We next show that we can efficiently compute an appropriate CDF, using the DFT.

Proposition 2.10. For H as in Theorem there is an algorithm to compute the CDF cy :
[a,b] N Z — [0,1] with cu(x) = >, ,<;<, H(i) to any precision § > 0, where b —a = M — 1,
M € Z.. The algorithm runs in time O(|S|log(1/6)).

Proof. Recall that the PMF of H at x € S is given by the inverse DFT:
1 .
H(z) = -2 > e(~€x/M)H(E) . (3)
£es
The CDF is given by:
Z > e(—x/M)H ZH > e(—&x/M) .
z a<i<z EET §ET 1:a<i<z
When ¢ # 0, the term ), ., e(—§x/M) is a geometric series. By standard results on its sum,
et (~€a/M) - e(~€(a + 1)/M)
e(—€a —e(—¢x +
Z e(—¢€x) = .
i:a<i<z L= e(=¢/M)

When § = 0, e(=¢§) = 1, and we get >, ;. e(—§x/M) = i+ 1 — a. In this case, we also have
ﬁ(ﬁ) = 1. Putting this together we have:

e(=8a/M) — e(=&(x + 1)/M)
1 —e(=¢/M)

1 ~
cH(a:):M i+1—a+ Z H()
ges\{o}

(4)

Hence, we obtain a closed form expression for the CDF that can be approximated to desired
precision in time O(|S]log(1/9)). O

Now we can prove the main theorem of this subsection.

Proof of Theorem [2.6, By Proposition [2.10] we can efficiently calculate the CDF of H. So, we
can apply Lemma to this CDF. This gives us an e-sampler for H. To find the time it takes to
compute each sample, we need to substitute D = O (|S|log(M/¢)) from the running time of the
CDF into the bound in Lemma yielding O (log M -log(M/e)) - |S| time. This completes the
proof. O

2.4 Sample—Optimal Learning Algorithm In this subsection, we show how to improve the
sample complexity of our learning algorithm for k-SIIRVs given in Section and obtain an
algorithm with optimal sample complexity (up to constant factors). The basic idea behind the
improvement is as follows: In our previous analysis, we made critical use of the fact that essentially
all of the mass of the distribution in question lies in an explicit interval of length O(sy/log(1/e)),
where s is the standard deviation. By using our Fourier learning approach, we were able to learn
a distribution that approximated our target on this support. In order to improve this algorithm,
we observe that although it is necessary to move Q(y/log(1/¢)) standard deviations from the mean
before the cumulative density function (CDF) drops below €, the CDF has already begun to drop
off exponentially after only a single standard deviation from the mean.
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Unfortunately, applying a sharp threshold to our Fourier transform (as in Section can lead
to effects that fall off relatively slowly with distance. Note that such a sharp thresholding in the
Fourier domain is equivalent to convolution with a Sinc function, which has tails proportional to
1/|z|. In order to correct this issue, we will instead perform our thresholding by multiplying by
a function with smooth cutoffs. This smooth thresholding step corresponds to convolving with a
function of width approximately s with Gaussian tails. We remark that this step has the critical
effect of causing our expected errors to be much smaller at points further from the mean, since
most of our samples (within a few standard deviations of the mean) will have little effect on our
output for these points. A careful analysis of the expected error at each point will yield our final
bound.

We will warm up in Section where we describe our algorithm in the case of 2-SIIRVs.
This will exhibit the important new ideas of this technique. Then, in Section [2.4.2] we extend these
results to k-SIIRVs, which brings with it several technical complications, mostly arising from the
fact that we do not know a priori a good effective support for the Fourier transform.

2.4.1 Sample Optimal Learning Algorithm for 2-SITRVs In this subsection, we will prove
the following theorem:

Theorem 2.11. There exists an algorithm that given N = O(;/log(1/¢€)/€%) independent samples
to a 2-SIIRV X, runs in time O(N) and with probability at least 2/3 outputs a hypothesis distribution
Y that is within € of X in total variational distance.

Our new algorithm Learn-2-SIIRV-Optimal-Sample is described in pseudocode below. We
first provide an equivalent alternative interpretation of our algorithm in terms of truncating the
Fourier transform. As in our algorithm Learn-SIIRV of Section we start by obtain approx-
imations o2 and fi for the variance and mean. Similarly, we output the empirical distribution if
g < O(y/In(1/¢)). This allows us to assume that 0 = Q(1/In(1/¢)). (Note that this bound is not as
strong as that in Learn-SIIRV because in the current setting we aim to use fewer samples.)

Our new learning algorithm proceeds by computing the empirical Fourier transform of X and
truncating it in a judiciously chosen way. Let @(5), ¢ € R, be a Gaussian of standard deviation
1/ taken modulo 1. More specifically, let

e~ (n+€)?/2
7;2 \/ 271'/02

Let I(¢) be the indicator function of the interval [-Co~ \/log 1/e),Co~ 1\/10g (1/€)], for C a
sufficiently large constant. Let F be the convolutlon of I and G ie., F = I G. We note that
multiplication by Fis an appropriate method of thresholding. In part1cular, we start by showing
that F approximates I in the following way:

Claim 2.12. (i) F(¢) € [0,1] for all €.
(ii) F(§) > 1€ for |¢] < (C—3)57\/log(1/e).
(iii) F(€) < € for 1 > |¢] > (C +3)5~1/log(1/e).
Proof. Note that F is the convolution of I and G. We can write:
o= [ T s [ SO =1, (5)
5,%4@ \/W



Clearly, this convolution is positive at all points. Thus, we get (i).
When [¢| < (C —3)5~14/log(1/e), note that the integral in 1 is over

ve ¢ —Catlog(l/e), & + Ca 1 \/log(1/€)] D [-35 'y/log(1/e), 35 1\/log(1/e)].

By standard tail bounds, the Gaussian ‘;re_" v*/2 has all but 1 — €2 of its mass in the interval

[—351/log(1/e), 351 \/log(1/€)], and so F(£) > 1 — €2, This gives us (ii).

When I > || > (C + 3)5/log(1/e), the integral in is over v € [¢ — C51\/log(1/e), € +
Co~1y/log(1/€)], which is disjoint from the interval [—35~! log(l/e) 3571 log(l/e)] By the
same bound, the Gaussian has at most €2 of its mass outside [—3514/log(1/¢), 351 \/log(1/e)].
So, we deduce (iii). O

At a high-level, our new algorithm involves the following steps:

1. Let Z be the empirical distribution and Z be the (continuous) Fourier transform of Z.

2. Let Y (&) = Z(§F(&).

3. Let Y be the truncation of the inverse Fourier transform of ¥ to @ — Coy/log(1/e), i +
Ca+/log(1/e)], for C a sufficiently large constant.

Both to aid in the performance of this computation and the theoretical analysis, we note another
way to obtain the same answer. As Y is the truncation of the inverse Fourier transform of a
pomtw1se product of 7 and F we may instead write it as the truncation to the same interval
[t — Cay/log( l/e A+ Ca\/log(l/e)] of the convolution of Z and F : Z — R, the inverse Fourier
transform of . We show below (Claim that

F(z) = e~*"/(20%) 205—1\/105_;(1 /€)Sinc(2rC5 1 /log(1/€)x) |

where Sinc(z) & (sinx)/z. Also note that F' can be computed explicitly to within absolute error §
in time poly(log(1/4d)), and thus this convolution can be computed efficiently, yielding an alternative
algorithm for computing Y.

Algorithm Learn-2-SIIRV-Optimal-Sample
Input: sample access to a 2-SIIRV X and € > 0
Output: A hypothesis pseudo-distribution Y that is e-close to X

1. Draw O(1) samples from P and with confidence probability 19/20 compute: (a) 52, a factor
2 approximation to Varx.p[X]+1, and (b) 1, an approximation to Ex.p[X] to within one
standard deviation.

2. If & > Q(1/e), draw O(1/€?) samples and use them to estimate the mean and variance of
X. Output a discrete Gaussian with this mean and variance.

3. Take N = O(y/log(1/¢))/e? samples from P to get an empirical distribution Z.

4. If < O(4/In(1/€)), then output Z. Otherwise, proceed to next step.

5. If M, the difference between the largest and smallest sample is Q(c+/log(1/€)), output fail.
6. Compute F(z) to within O(e?) for integers |z| < M + CG+/log(1/e).

7. Compute the convolution Y of Z and F using the FFT (modulo > 2M + 2Cc+/log(1/¢)).
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We start by analyzing the running time of the algorithm. First note that the first two steps
run in sample-linear time, i.e., O(1/¢?). We now focus on the running time of the remaining steps.
Note that computing the empirical distribution Z takes time O(N). Computing the values of
F(z) in Step 6 up to an additive error poly(e) can be done in time Mpolylog(1/¢), where M =
O(c+/log(1/€)) = O(1/€). Computing the convolution is done using the FFT modulo a power
of two that is ©(M), and so can be done in time O(M log M). So, the overall running time is
O(N + M log Mpoly(log(1/€))) = O(N).

We now proceed to show correctness. In the proof of Theorem 2.1, we argued that O(1) samples
suffice to get that with high probability ¢ and j satisfy the desired bounds. We condition on this
event. We claim that when o is small, namely O(4/In(1/e€)), the empirical distribution suffices. This
follows from the fact that the empirical estimate of a discrete distribution P has expected variation
distance < e from P after O(||P||1/2/€*) samples. By an application of Bernstein’s inequality (see
Lemma it follows that a 2-SIIRV with standard deviation ¢ has 1/2-norm bounded from above
by O(o + 1). This proves our claim.

We also note that if the standard deviation of X is €2(1/e€), then X is e-close to a discretized
Gaussian with the same mean and variance. Indeed, for any 2-SIIRV with mean p and standard
deviation o, we have dty (X, G) < O(1/0), where G ~ Z(u,0?). (See, e.g., Theorem 7.1 of [CGSTT].)
In this case, we claim that Step 2 of the algorithm outputs an e-accurate hypothesis. Indeed, by
Lemma 6 of [DDS15] it follows that with O(1/€2) samples from a discrete distribution, we can obtain
(in sample-linear time) estimates 1 and & such that with high constant probability |z — u| < eo
and |0? — 52| < e0?\/4 + 1/02. Proposition completes the proof of our claim.

So, we henceforth assume that o is Q(y/In(1/€)) and O(1/€). We now proceed with the main
part of the analysis. We start with the following simple claim:

Claim 2.13. We have that
F(z) = e /22051 /log(1/e)Sinc(2rC5 ' y/log(1/€)z) ,
for all & € Z.. Also, |F(x)] = O(G")\/log(1/€) exp(—Q((2/5)%)).

Proof. As F' is a convolution of functions, F'(x) is the pointwise product of G(z) the inverse Fourier
transform of G(¢) with S(z), the inverse Fourier transform of 1(¢). We define G(z) := e=*"/(20°)
and S(x) := 205 1/log(1/€)Sinc(2rC5~11/log(1/e)x). Standard results for the Fourier transform
of the Gaussmn and Sinc(z) give us the result. Since |Sinc(z)| < 1 for all z, we have that |F(z)| =

O(G1)\/log(1/e) exp(—Q((2/7)?)). [

In order to show the correctness of our algorithm, we will need to introduce a new distribution,
Y’. We let Y’ be the truncated inverse Fourier transform of the pointwise product of F with X
(note that Y differs from Y’ by using Z instead of X ). We begin by showing that dpy (X,Y”) is
small. To do this, we let Y = XF.

Claim 2.14. We have that dry(X,Y') = O(e?y/log(1/e)).

Proof. Note that N - R N
X(§) —Y'(§) = X(§(1 = F()).

If [¢] < (C—=3)57"/log(1/e), by Clalm- (if), we have 1— F(£) < €2. Since | X (¢)| = [E[e(X€)]| <
1, in this case we have | X (€) — Y/(€)| < €2. Otherwise, if [¢] > C’ 3)o~1y/log(1/e€), by Lemma
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partLi\) it follovAvs that \)?( )| < exp(—Q(52[€]?)). Since 0 < 1 — F(£) < 1, in this case we have
X&) = YOI < [X(OIIL = F(E)] < exp(—Q(5?[¢]*))- Therefore,

o /2 g
X V| = / EGRREOIL:

—(C=3)571\/log(1/e) _ _ (C=3)571/log(1/e) _
/ R(6) — V(€)|de + / X (6) - VI(o)|de

-1/2 —(C=3)c—14/log(1/e)
1/2 I
wf R() - VI(¢)lde
—(C—=3)o—14/log(1/e)
1/2
<é-2(C - 35 Viog(1/) + 2 | exp(~Q(F2[¢]?)) de
(C—=3)a—14/log(1/e)
(&Viog(1/)/) + Vom /s Pr_ W= (C - 3)57"/log(1/6)|

(e2/log(1/€)/7) .
Taking an inverse Fourier transform implies that |X — Y’|.. = O(e?/5), within the domain of
truncation. Since this domain has size O(c+/log(1/€)), we have that the L, error between X and
Y’ within this domain is O(y/log(1/€)e?). However, both X and Y’ have at most O(¢?) mass outside
of this domain, and therefore we have that dry (X,Y’) = O(e?1/log(1/e)). O

It remains to bound from above dry (Y,Y”). In particular, we will show that dpy (Y,Y”’) has
expectation O(€). Then, by decreasing e by a constant factor and applying the Markov and triangle
inequalities, we will have that dry (X,Y) < e with probability at least 2/3.

Proposition 2.15. We have that E [dry (Y,Y")] < O(e).

Proof. Recall that Y is a the convolution of Z with F. If we consider our samples to be random
variables X(y), ..., X(y) each of which is an i.i.d. copy of X, we can express Y (p) for a given p as

a random variable: Y (p) = % Zf\;l F(p— X)) , for a < p < b, where a = 1 — Ca+/log(1/¢) and
b=+ Co/log(1/e). Note that the expectation of Y'(p) is

N
&ZEX[F(;) — X)] =Ex[F(p— X)] =Y'(p).

Therefore, we have that E[|Y (p)—Y"(p)|] = O(y/Var(Y (p))). For the variance we have the following
sequence of (in)equalities:

b

2
Var[Y (p)] = Var[F(p — X)]/N =E (F(p —-X) =Y Flp- q)X(Q)> /N

q=a

b
Z(X(T’)/N) : <F2(p —r)

Z (F2 p—a)X(q)> —2F(p—r)F(p—q)X(q) +2 272 F(p—q)F(p— Q’)X(Q)X(Q’)>)

b
=1/N - ZFQ(p— 0)(X(q) = X(¢)*) <1/N-D F*(p— ¢)X(q) -

a=a
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We claim that this quantity will become small as p moves away from p. Intuitively, this should be
the case because for p far from p, then for all g either |p — ¢| will be large or |¢ — u| will be large.
In the former case, F/(p — ¢) is small, and in the latter X (q) is. In order to properly analyze this
quantity, we will have to group up these errors for p in blocks of size o. In particular, we have that

p+(t+1)F pt(t+1)5
> ElY() - = > OWNVar(Y(p))
p=p-+to p=p+to
pt(t+1)o b
=0(1/VN) > D Fp-q)X(q)
p=pttc q=a
pt+(t+1) b
= O(y/d/N) Z Z F2(p—q)X(q) (by Cauchy-Schwartz)
p=p+to g=a
b—p—(t+1)5 pt(t+1)g—r
<O(Va/N) > P Y X
r=pu+to—a q=p+to—r

< 0(\/3/N)

Z F2(r)exp(—Q(|te — r|/7)?) (by Bernstein’s inequality)

\

=O0(Va/N) ZSQ r)exp(=Q(((te —1)/3)* + (r/5)?))

=O(Va/N) Z S2(r) exp(—(t?))
1
= O(\/7/N) exp(—Q(t?)) /g . I2(€)d¢ (by Plancherel’s Theorem)

= O(\/5/N) exp(—Q(t*))5 5" /*1og"*(1/€) = O(log"/*(1/€)/V'N) exp(—Q(t?)).
Summing over ¢ gives that
Eldrv (Y,Y”)] = O(log"*(1/€)/V'N) = O(e) ,
for N = /log(1/e)/e?. This completes the proof. O

2.4.2 Sample Optimal Learning Algorithm for k-SITRVs

Theorem 2.16. For ¢ < 1/poly(k), there exists an algorithm that given O(k+/log(1/€)/€?) inde-
pendent samples from a k-SIIRV, X, with probability at least 2/3 outputs a hypothesis distribution
Y that is within € of X in total variational distance.

The proof of this theorem is somewhat analogous to that of Theorem However, it should
be noted that the runtime of this algorithm is not given. This is because the runtime of the
simplest such algorithm is actually exponential in k. The difficulty is that while in the 2-SITRV case
we could determine the effective support of the Fourier transform just from the standard deviation,
in the case of k-SITRVSs this is not the case. In essence, our algorithm will first guess this effective
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support (of which there are exponentially many possibilities), and then given this guess will run
an appropriate algorithm. At the end, we will need to run a standard tournament procedure
(e.g., [DLOI]) to determine which of these guesses lead to the closest approximation to X. Since
the number of possibilities is 20(*) (see Claim , the sample complexity of this tournament is
O(k/é).

As in Algorithm Learn-SIIRV, we begin by estimating the mean and variance with O(1) sam-
ples, producing estimates 77 and 2 with (Var[X] +1)/2 < 52 < 2(Var[X] + 1) and E[X] — ¢ <
o < E[X]+ 0. Again, if 0 = O(ky/log(1/€)), we output the empirical distribution after taking
O(k+/log(1/€)/e?) samples. Our upper bound on the 1/2-norm of k-SITRVs (Lemma |C.3)) implies
that this step gives an e-accurate hypothesis. This allows us to assume that o = Q(k+/log(1/€)).
We will assume this throughout the remainder of our analysis.

Once again, under these assumptions, we can use Bernstein’s inequality to prove concentration
bounds for X:

Lemma 2.17. Suppose that ¢ > Cky/log(1/e), for C sufficiently large, then for all t > 0 we have
that
Pr(|X — 1| > (2 +t)5) < exp(—Q(t%)) + €.

Proof. We assumed that |[u—p| < . So, if | X —p| > (2+4t)g), then | X —p| > (1+4t)o. Bernstein’s
inequality gives that

Pr(X —E[X] > (1+1t)5) <exp (W> .

Var[X] + 1k
Since & = Q(k+/log(1/€)) = Q(k) and Var[X] = O(c?), we have that Var[X] + 1k = O(3?). O

In particular, this implies that with probability 1 — 2€2 that |X — fi| = O(c+/log(1/¢)). Next,
we will recall concentration bounds on the Fourier transform of X. To do so, we first devise some
notation. Let X =>"" | X, , where X; are independent k-IRVs. We let p; ; be the probability that
two independent copies of X; have absolute difference j. We let v; = > | p; ;. In terms of this,
we restate Equations and from the proof of Lemma as

N

-1
1X (&) =exp | -0 vlie? | |
j=1

and
k—1
Var(X) = ijvj .
i=1

Finally, we note that we can find some particular good scale to consider. In particular, we note
Lemma 2.18. There exists an m € [k] so that Z?Zm v; = Q(c/k)>.

Proof. We assume for sake of contradiction that this is not the case. We have that

2m
> v <c(G/k)?,
j=m
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where c¢ is a sufficiently small constant. This implies that

2m

Z j2v; < c(2m/k)>.

j=m

Summing over m powers of 2 less than or equal to k, we find that

k Llogs (k)
o Pvi<e > (2s/k)*" < 4T (457 /5%) = 16657,
j=1 =1

However, we know that

k
ijvj = Var(X) = 0(5?%) .
j=1
This yields a contradiction for ¢ sufficiently small. O

Our algorithm will begin by guessing a value for m. We assume throughout the following that
m represents such an integer. Furthermore, we assume that our algorithm has guessed values
Wiy Wint1, - - -, Wom SO that w; < v; for all ¢ and Z?:m wj = Q(c/k)2.

Claim 2.19. Given m and &, this can be done by considering only 2°%) possible vectors of w’s.

Proof. By Lemma we have that Z?an v; = Q(/k)?. Suppose concretely that C’ is a constant
such that we always have Z?Zm v; > C'(6/k)?. Then, we claim that there is some set of non-
negative integers aj, for m < j < 2m such that Z?Zm aj =m and v; > (a;/(m+1))-C'(c/k)?/2.
. 2(m+1 ~ -
In particular, take a; = L%J then |(C'(G/k)?/2(m + 1)) (Z?Z‘m aj> —v;| < C'(6/k)?/2, and
2 |v; —C"(5/k)?/2|

SO Zj:maj > W >m+ 1.

If we guess such integers, then we can set w; = (aj/(m+1))-C’(5/k)?/2 and have v; > w; and

Z?Zm w; > C'(6/k)?/2 = Q(5/k)?. There are ("Zk) k-vectors a of non-negative integers summing

to n. So in our case, there are (QnT) < 92m < 92k possible combinations of wj. O

‘We then have that
R dof 2m
X <BE) = exp | -0 wligl
j=m

We have the following simple lemma about B:
Lemma 2.20. If [ — &'| < 1/(6m), then
B(§)B(¢) = exp(—Q(*(§ — €)*m?/k?)).

Proof. Firstly, we show that for each m < j < 2m, either we have [j&] > j|¢ — &'|/2 or [j¢] >
JlE—=¢&'/2. It [§€] < jl€ — £'|/2, then there is an integer ¢ such that |j& —i| < |j€ — j&'|/2 and so
17§ =il = [7€ = 3&'| = 7€ —i| = [j§ — j€'|/2. But we also have [j¢" —i| <[5 —j&'|+j§ —i| = 3[j§ -
j&'/2 < 3j5/12m < % So, i is still one of the closest integers to j¢' and [j¢'] = |j¢' —i| > |j€— €| /2.
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Thus, we have:
B(&)B(&) =exp | -0 | Y w;[&)* + €7

<exp | Q| Y w6 -¢)?

<exp | =0 | (D] w)m*(€ - ¢)?

<exp(—Q(a%(& — €)*)ym?[k?)
where the final line follows since we guessed w so that Z w; = Q(5/k)% O

This implies that within each interval of length 1/(6m), B(&) is bounded by an appropriate
Gaussian. In particular, for 0 < ¢ < 6m, let I; be the interval [i/6m, (i + 1)/6m], and let & be the
element of I; at which B is maximized. Since Z?Zm w;[j€]? is a piecewise quadratic, we can easily
calculate its minima ; on each I; given w; for m < j < 2m. As a corollary of the above, we have:

Corollary 2.21. For & € I;, we have that

[X(©)] < exp(-QF%(€ — &)°)m® [k?).
Proof. We can write |X(£)| < B(€) < /BE)B(&) = exp(—Q(2(€ — &)2)m2/k?) . O

From this point onwards, our analysis is nearly identical to that from the previous subsection.
We will need the function I(£) to be small not just near 0, but also near all of the &’s so that F
will be close to 1 on the effective support of X. This has the effect of making its inverse Fourier
transform a sum of O(m) Sinc functions rather than a single one. This in turn will increase the
size of the F' by a factor of m, which is where the final additional factor of k in our sample size
comes from.

Our algorithm depends on taking the empirical Fourier transform of X and truncating it in
a judiciously chosen way. Let @(5) be a Gaussian of standard deviation 1/5 taken modulo 1. In
particular,

Z e~ (n+8)?/2.
) \/27r/a

Let I(¢) be the indicator function that is 1 if and only if ¢ is within Cko—1y/log(1/€)/m of one
of the § modulo 1, for C' a sufficiently large constant. Let F' be the convolution of I and G. As
before, I’ approximates I in that:

Claim 2.22. (i) F(¢) € [0,1] for all €.
(ii) F(&) >1—e/k for € within (Ck/m — 3)51\/log(1/€) of some &.
(iii) F(€) < € /k for € not within (Ck/m + 3)51\/log(1/e) of any &.
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Proof. Note that F is the convolution of I and G. I (x) is the indicator function of some set T
Explicitly, we have:

~ LI < 1 S22
= Gudl/g/Gudz/:/ = TW2g, — 1,
| @< [ 6w =
This gives (i).

For (ii), we note that since I contains the interval [¢;—Cko 1+ /log(1/€)/m, &+Cka—1+/log(1/€)/m],
we have
/g—fi-i-CkEls/log(l/e)/m s
3

(&
—&—Cka—14/log(1/e)/m V 2m

Since |¢ —&;| < (Ck/m—3)a~11/log(1/e), this interval contains [—35 log(1/¢€),30~"+/log(1/€)],
and so

F(&) > F(W)2/2,,

F(¢) / - Py >1-0(%) > 1 -k
> e_JV >1—-0(e)>1—¢€ ,
- J35-1/log(1/e) V2T =

by standard bounds on the Gaussian.

For (iii), we note that T is disjoint from the set [¢ — 35~ 11/log(1/e),& + 35 14/log(1/€)]. We

have
1

F(¢ :/ Y
© VERv—¢ (mod Z)eT +/27/0?

1 =20 32
< — e T W2qy = O(%) < & k.
/lulz?ﬁl\/log(l/e) v 2m/c? €)=

e W2,

Our algorithm is now quite simple to state and works as follows:
1. Let Z be the empirical distribution and 7 be the Fourier transform of Z.

2. Let Y be the pointwise product of 7 with F.

3. Let Y be the truncation of the inverse Fourier transform of ¥ to [u —Coy/log(1/e), n+ C&x/log(l/e)} ,
for C a sufficiently large constant.

Both to aid in the performance of this computation and in its theoretical analysis, we note another
way to obtain the same answer. As Y is the truncation of the inverse Fourier transform of a
pointwise product of 7 and F we may instead write it as the truncation of the convolution of Z
and F, the inverse Fourier transform of F. As F is a convolution of functions, F'(x) is the pointwise
product of G(z) (a Gaussian of standard deviation ©(c), normalized to have size 1 at the origin)
with S(x), an explicit combination of Sinc functions. Note that F' can be computed explicitly, and
thus this convolution can be computed in polynomial time.

In order to analyze the correctness, we will need to introduce a new distribution, Y’. We let
Y’ be the truncated inverse Fourier transform of the pointwise product of F with X (note that Y
éi\ffers by using Z instead of X ). We begin by showing that dpy (X,Y”) is small. To do this, we let
Y'=XF.

Claim 2.23. We have that

X — Y|y = 0(\/log(1/€) /5.
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Proof. We similarly use the fact that

~ ~

X() - Y'(€) = X(&)(1 - F(€)).

If [€ — &) is at most (Ck/m — 3)5—1/log(1/¢) for some i, the above expression has absolute value
at most €2/k because 1 — F(€) does. Otherwise, it has absolute value exp(—Q(52[¢ — &ioPm?/k?)),
where &;, is such that igp € argmin,[§ — &;]. Next, we combine these bounds and integrate.

We consider intervals [a;, b;] with b; = a;41 for 1 <1i < 6m and bg,, = aj+1 such that &; € [a;, b;]
and for any x + Z in [a;, b;] + Z is at least as close to & + 7Z than to any &; + 7Z for j # i.

o bem —
m—yu:/ R(6) - VI(e)|de

al
6m
=1 (
/min{§i+(0k/m—3)51\/10g(1/e),bi} | A(g) A’(g)|d§
+ X&) -Y
max{&—(Ck/m—3)5—14/log(1/€),a;}

max{¢;—(Ck/m—3)—14/log(1/€),a;} _ -
/ IR(6) - V7(€) e

aj

b; R o
+ W@—Y%WQ
min{&;+(Ck/m—3)5—11/log(1/e),b; }

6m

<0 Z <W~N(0,1;r2k2/m2) [|W| = (Ckfm — 3)5_1 ' log(l/e)}

1=

+ (2/k) - 2(Ck/m — 3)51\/10g(1/6)>
<O(e\/log(1/€)/7) -

This completes the proof. ]

Taking an inverse Fourier transform implies that | X —Y’|o = O(e?1/log(1/€) /), at least within
the domain of truncation. Since this domain has size O(c+/log(1/€)), we have that the L; error
between X and Y’ within this domain is O(y/log(1/¢)e?). However, both X and Y’ have at most
O(€?) mass outside of this domain, and therefore we have that

dry (X,Y') = 0(62 log(1/¢)).

It remains to bound dpy (Y,Y”). In particular, we will show that it has expectation O(e). Then,
by decreasing € by a constant factor and applying Markov’s and triangle inequalities, we will have
that dpy (X,Y) < €, with probability at least 2/3.

Proposition 2.24. We have that E[dry (Y, Y”)] < O(e).

Proof. Recall that Y is a the convolution of Z with F. If we consider our samples to be random
variables X(y), ..., X(y) each of which is an i.i.d. copy of X, we can express Y (p) for a given p as
a random variable:

L
Y(p) = NZF(p_X(i)) ;
=1
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for a < p < b, where a = g — Co+/log(1/€) and b = i + Co+/log(1/€). Note that the expectation
of Y(p) is

N
%ZEX[F(p _ X)] = Ex[F(p— X)] = Y'(p).
(p

Therefore, we have that E[|Y

) =Y’ (p)|]] = O(y/Var(Y (p))). We bound the variance as follows:
b

(F(p— X) —ZF(ZD—(J)X(Q))Q] /N

q=a

VarlY (p)] = Var[F(p - X)]/N = E

b
=Y (X(r)/N)- <F2(p —)

r=a

b

3 (P - 0X(@? —2F(p - 1)F(p— )X (0) +2 3 Flp—q)F(p - q'>X<q>X<q'>))

q=a a'#q
b
=1/N -y F’(p—q)(X(g) — X(¢)*) < (1/N) - ZF2 P—9)X(q) .

We have that

> E[lY (p) = Y'(p)I]

PE[p+tT,put+(t+1)5]

— 01V Y \/Z F2(p — )X ()

— O(/F/N) \/Z F2(r) > X(q)  (by Cauchy-Schwarz)

g€p+to—r,u+(t+1)o—r]

= (v&/N)\/ZFQ(T)eXp(—Q(HE—r|/5)2)) (by Lemma [2.17)

=0V 5/N)\/Z S(r)? exp(=Q(((tg —7)/0)* + (r/5)?))

_ 07N \/Z S(r)? exp(—(t2))

O(\/5/N) exp(— \/ZT

1
= O(\/7/N) exp(—Q(t?)) /5 . I1(¢)? (by Plancherel’s Theorem)

= O(V/&/N) exp(~2(%) ko1 log(1/e)
— Ok log1/4<1/e>/f N) exp(—2(t2).
Summing the above over t gives that
E[drv(Y,Y")] = O(k'/*1og"/*(1/€)/VN) = O(e) ,
for N = k+/log(1/€)/e%. This completes the proof. O
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3 Cover Size Upper Bound and Efficient Construction

We start by establishing an upper bound on the cover size and then proceed to describe our efficient
algorithm for the construction of a proper cover with near—minimum size. To prove the desired
upper bound on the size of the cover, we proceed as follows: We start (Section by reducing the
cover size problem to the case that the order n of the k-SIIRV is at most poly(k/e). In the second
and main step (Section , we prove the desired upper bound for the polynomially sparse case.
Our efficient algorithm for the cover construction (Section is based on dynamic programming
and follows a similar case analysis.

3.1 Reduction to Sparse Case Our starting point is the following theorem:

Theorem 3.1. [[DDOT13], Theorem 1.2] Let P € S, be a k-SIIRV of order n. Then, for any
€ >0, P is either
1. a distribution with variance at most poly(k/e€); or

2. e-close to a distribution P’ such that for a random variable X ~ P’, we have X = cZ +Y
for some 1 < ¢ < k—1, where Y, Z are independent random variables such that: (i) Y is
distributed as a c-IRV, and (i) Z is a discretized normal random variable with parameters
£, ‘2—22 where i = E[X] and 0% = Var[X].

The above theorem allows us to reduce the problem of constructing an O(e)-cover for Sy, to
the problem of constructing an e-cover for S, i, where n’ = poly(k/¢). Indeed, given an arbitrary
k-SIIRV P € S, we proceed as follows: If P belongs to Case 1 of the above theorem, then we
show (Lemma that there exists a translation of a k-SIIRV with n’ = poly(k/e) variables that
is e-close to P. We show in the following subsection (Proposition that S,/ j, admits an e-cover
of size (1/€)Ok1oe(1/€))  Since there are O(kn) possible translations, this gives a 2e-cover of size
n(1/e)Ck1e(1/€) for k-SITRVs in Case 1.

Moreover, it is not difficult to show that there exists an e-cover for distributions in Case 2 with
at most n - (k/e)°®) points. In particular, we claim that for distributions in sub-case 2(i) there
exists an e-cover of size (1/€)°%) and for distributions in sub-case 2(ii) there exists an e-cover of
size O(n). Assuming these claims, the sub-additivity of total variation distance (Proposition |A.3])
implies that distributions in Case 2 have a 2e-cover of size n - (1/€)°®*) as desired.

Note that the random variable Y in Case 2(i) is distributed as a k-IRV, i.e., it has support
k. It is well-known and easy to show that the set of all distributions over a domain of size k has
an e-cover of size (1/€)°*). It remains to show that we can e-cover the set of discretized normal
distributions of Case2(ii) with O(nk/e€) points. To do this, we exploit the fact that the variance
of such distributions is large. Let omin = Q(k”?/€) be the minimum variance of a k-SITRV X in
Case 2. Note that the discrete Gaussian in Case 2 has a variance of Var[X]/c?. Hence, we want to
e-cover the set of discrete Gaussians with standard deviation o in the interval [omin, Omax], Where
Omax = O(y/nk), and mean value  in the interval [0, n(k—1)]. Consider the following discretization
of the space (02, u): We first define a geometric grid on o2 with ratio (1+¢), i.e., 07 = 02, (1+¢)’,
where where 0 < i < ipax and imax = O((1/€) -log(n)). For every fixed i, we define an additive grid
on the means, so that |uj41 — g1 < €-0;. A combination of Propositions and implies that
this grid defines an e-cover. Note that the total size of the described grid on (02, p) is

mzaxn(k:—l) :i‘ n(k —1) — Om).

o o 72
i— €7 i=0 € Omin(1 + €)/

where the last inequality follows from the lower bound on o, and the elementary inequality

S (146772 =01/ ).
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The following lemma completes our reduction to the n = poly(k/e) case:

Lemma 3.2. Let P € S, be a k-SIIRV with Varxp[X] = V. For any 0 < 0 < 1/4, there exists
Q € S,k with dry(P,Q) = O(6V) such that all but O(k + V/6) of the k-IRV’s defining Q are
constant.

The proof of Lemma is deferred to Appendix Note that an application of the lemma
for § = ¢/V completes the proof.

3.2 Cover Upper Bound for Sparse Support In this subsection we prove the desired upper
bound on the cover size for the sparse case:

Proposition 3.3. Fiz arbitrary constants ¢,C > 0. Consider n,k, e satisfying ¢ < k=¢ and n <
(k/€)C. Then there exists an e-cover of S,y under dry of size (1/¢)Pec(klog(1/)),

Our proof proceeds by analyzing the Fourier transform of the probability density functions of
k-SIIRVs. We will need the following definitions.

Basic Definitions. For £ € R, recall that we use the notation e(§) © exp(—2mi€). For a probability
distribution P over Z, its Fourier Transform is the function P : [0,1) — C defined by P(¢) =
E,plexp(—27miy¢)] = E,p[e(y€)]. Note that Parseval’s identity states that for two pdf’s P and Q
we have ||P — Q|2 = Hf’ - QHQ In our context, P and Q are going to be supported on a discrete

set A, in which case we have |P — Q|2 = (3 ,c4(P(a) — Q(a))2)1/2. On the other hand, P and Q
Y . . 1/2
are Lebesgue measurable and we have |P — Q|2 = (fol P(&) — Q(f)]ng) .

An equivalent way to view the Fourier transform is as a function defined on the unit circle
in the complex plane. For our purposes, we will need to analyze the corresponding polynomial
defined over the entire complex plane. Namely, we will consider the probability generating function
P : C — C of P defined as P(z) = E,~p[2Y]. Note that when |z| = 1, this function agrees with the

Fourier transform, i.e., P(&) = P(e(¢)).

At a high-level, our proof is conceptually simple: For a k-SITRV P, we would like to show that
the logarithm of its Fourier transform log ].3(5) is determined up to an additive e¢ by its degree
O(log(1/e)) Taylor polynomial. Assuming this holds, it is relatively straightforward to prove the
desired upper bound on the cover size. Unfortunately, such a statement cannot be true in general
for the following reason: the function P(z) may have roots near (or on) the unit circle, in which case
the logarithm of the Fourier transform is either very big or infinite at certain points. Intuitively,
we would like to show that the magnitude of P(z) close to a root is small. Unfortunately, this is
not necessarily true.

We circumvent this problem as follows: We partition the unit circle into O(k) arcs each of
length O(1/k). We perform a case analysis based on the number of roots that are close to an arc.
If there are at least ((log(1/€)) roots of P(z) close to a particular arc, then we show (Lemma (1))
that the magnitude of P(z) within the arc is going to be negligibly small. Otherwise, we consider
the polynomial ¢(z) obtained by P(z) after dividing by the corresponding roots, and show that
log q(z) is determined up to an additive e by its degree O(log(1/€)) Taylor polynomial within the
arc (see Lemma. Using the aforementioned structural understanding, to prove the cover upper
bound, we define a “succinct” description of the Fourier Transform based on the logarithm of ¢(z)
and appropriate discretization of O(log(1/¢€)) nearby roots.

Note that we take advantage of the fact that our distributions are supported over a domain of
size £ = poly(k/e), in order to relate their total variation distance to the L, distance between their
Fourier transforms. In particular, we have the following simple fact:
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Fact 3.4. For any pair of pdfs P, Q over [{], we have |P — Qll1 < V{+ 1H13 - QHOO
Indeed, note that |[P — Q|| < VI + 1|P — Q|2 = VZ+ 1|P — Q]2 < vVZ + 1||P — Q||so, where

the equality is Parseval’s identity. B
For the rest of this section we fix an arbitrary P € S, , and analyze the polynomial P(z). We
start with the following important lemma whose proof is deferred to Appendix

Lemma 3.5. Fiz x € C with |x| = 1. Suppose that p1,...,pm are roots of 15(33) (listed with
appropriate multiplicity) which have |p; — x| < i Then, we have the following:

(i) |P(x)| <27
(ii) For the polynomial q(z) = P(z)/ ITi%, (z — pi), we have that |g(z)] < k™.

Our main lemma for this section shows that we can e-approximate the Taylor series of ¢(x) by
only considering the first O(log(1/¢)) terms:

Lemma 3.6. Fiz w € C with |w| = 1. Suppose that P1;- - - pm are all the roots of 15(1') (listed with
appropriate multiplicity) which have |p; — w| < 5. Let q(x) = % and let the Taylor series
of In(q(x)) at w be Ing(z) = 3772 cj(x — w)’ . Then we have that |cj| < nk(3k)?, for all j > 1,
and the real part of cg is at most mInk.

Fiz 0 < € < 1/(12mk) and an integer { satisfying ¢ > log(Ink). For p}; with |p}; — p;| < € for
j€A{L,...,m}, and ¢ with |c; —¢;| <€ for j € {1,...,£} we have: For all x € C with |x| =1 and
|z —w| < Gik

B~ ( {1 ) exo (5 e =)

=1

<0 <emk: + nk:2_£> . (6)

Proof. We start by noting that by the triangle inequality, Lemma applies to all points z € C
with |z| =1 and |z —w| < 4. Observe that ¢y = In[g(w)] and by Lemma (ii) lg(w)| < k™. This
gives the claim on the real part of ¢p.

Note that In(g(z)) can be expressed as a sum of the form

R

In(g(z)) = co+ Y _ (1 = (z —w)/(rp —w)) ,

h=1
where ¢g = In[g(w)], r; are the roots of ¢(z), and R < n(k — 1) is the degree of ¢(z). By the
definition of ¢, it follows that |r, —w| > 4= for all 1 < h < R.
Inserting the standard Taylor series In(1 +y) = > 72 yj—] gives

In( _co+zz w)

7'-_
h=1j—=0 h

Considering the (z — w)? term above gives ¢; = (7;)]- Zle(rj —w) ™. Therefore,
;| < R(3k) < nk(3k)7 .

This gives the desired bound on |¢;|, 7 > 1.
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We now proceed to prove @ We start by considering the difference

So, we need to consider the error introduced by truncating the Taylor series after the first £ terms.
We have

Therefore, by the triangle inequality,

y4
S (e — w) —log(q())| < 2¢ +nk2.
j=0

Thus, the multiplicative error in this approximation, i.e.,
m

l
1 ; 1
—— exp E iz —w) | == H(x —pj) | exp

l
q(z) =0 P(z) j=1 j=0

(@ — w)?

is exp(E), where |E| < 2¢ +nk2~. Since [P(z)| < 1 and by our assumptions on £, 2¢ +nk2~¢ < 1,
we have that

m 14
P(z) — H(az—pj) exp Zc}(w—w)j <e- (2 +nk27Y).
j=1 J=0

We next replace each p; by the corresponding p;- one at a time. By a simple induction, we will
show that for all 1 < h <m

h m L
P(z) — H(m —0) H (x —pj) | exp Zc;(w —w) || <e- (24 nk27%) + 4hke. (7)
j=1 Jj=h+1 j=0

We have just shown this for h = 0. So, we assume for 0 < h < m — 1 and seek to prove it for
h 4 1. For simplicity, we rewrite as

‘f’(x) — (z — ph)fh(x)‘ <e-(2e+nk27%) + 4hke
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where fj,(z) = <H§L L — p])> <H§n:h+1(a: - pj)) exp (Zﬁ 0 ¢z — w)j).
Note that the RHS of (7)) satisfies

e (2e +nk27%) + 4hke < e - (2e + nk27%) + 4mke < 1,

by our assumptions on ¢ and £. Since |P(z
o p i < 4k. Now if we replace (x = pn)f,

n(z
pn) fu(x) = (x = pj) fr(2)| = |0}, — pnll fu(2)

) <27 <1, we have |(z — pp) fn(2)] <2 or [fa(2)] <
(x) with (x — p),) fn(z), we introduce an error of |(z —
| <e-4k. Hence,

‘f’(m) — (= ) ful@)| < e (be + k28 + A(h + 1)ke

But this is just @ for h + 1, completing the induction.
Taking h = m in gives:

m l

P(z) — H(x —p}) | exp Z ci(x — w) || <e- (24 nk27) + 4mke
j=1 §=0

as required. 0
We are now prepared to prove Proposition

Proof of Proposition [3.3. By replacing e by a power of itself, we may assume that ¢ < k=1 and that
n < e~!. We may additionally assume that e is sufficiently small.

It suffices to find a subset T" of S,, . of appropriate size so that for any P € S, 1, there is some
Q € T so that [P(z) — Q(z)| < €2 for all |z| = 1, as Fact Would then imply that dpy (P, Q) <e.

We begin by defining some parameters. Let m be an integer larger than 3log(1/¢). Let £ be an
integer larger than log(nk/e?) and § > 0 a real number smaller than €3/(mk + £). Additionally, we
divide the unit circle of C into O(k) arcs each of length at most 1/(3k).

To each P € §,, 1, we associate the following data:

e For each arc in our partition with midpoint wy, define ¢(z) as in Lemma Then we define
P; as follows:

— If P(2) has at least m roots within distance 1/(3k) of wy or if |g(w;)| < €3 exp(—nk), we
let P; = Small.

— Otherwise, we let P consist of the following data:
+ Roundings of the roots of P(z) that are within 1/(3k) of w; to the nearest complex
numbers whose real and imaginary parts are multiples of §/2.

* Roundings of the first £ Taylor coefficients of log(gq) about w; to the nearest complex
numbers whose real and imaginary parts are multiples of §/2.

We then let D(P) be the sequence {Pr} an arc in the partition- For each value V' that can be
obtained as D(P) for some P € S,, , we pick one such P called Qy. We define our cover T" to be
the set of all such Qy. In order to show that this is an appropriate cover, we need to show two
claims:

1. The number of possible values of D(P) is at most (1/¢)°*°81/)  This implies that |T is
appropriately small.
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2. If P,Q € S, 1, have D(P) = D(Q), then dty(P,Q) < e. This will imply that T is a cover,
since given any P € S, x, we may take Q = Qpp) € T

The first claim is relatively straightforward. For each of O(k) arcs, I, we have that Py is either
Small or a sequence of O(log(1/¢)) complex numbers, each of which can take only poly(l /9) many
possible values. Thus, the number of possible values for Py is at most §~C(08(1/€)) = (1 /¢)OUos(1/€)
The number of possible values for D(P) is at most this raised to the number of arcs, which is
(1/6)O(klog(1/e)

The second claim is Shghtly more involved. We note that it is sufficient to show that if D(P) =

D(Q), then |P(2) — Q(2)| < € for all unit norm 2. In partlcular we show the stronger claim that
for any of our arcs I if P; = Qy, then |P(z) — Q(z)| = O(€®) for all z € I.

If P; = Q; = Small, we claim that IP(2)],]Q(2)| = O(e?) for all z € I. It suffices to show this
merely for P. On the one hand, if P(z) has more than m roots near wy, this follows from the first
part of Lemma On the other hand, if |g(wy)| < €3 exp(—nk), then for any other z € I we have

that
a(2) = glwr) exp (Z ez — wﬁ') ,
i=1
where by Lemma lci] < nk(3k)t. Therefore, for z € I, since |z — w;| < 1/(6k), we have by
Lemma [3.5] that N
P(2)] < lg(2)] < lg(wr)| exp(nk) < €.

If P; = Q; # Small, we note by Lemma 3.6 that for z € I that both of P(z) and Q(z) are
within O(mké +£6 +nk2~%) = O(€®) of Hjj\il( ,0]) exp (Zj —oCj(z —wr)? ) where the p; are the
roundings of nearby roots and c; the roundings of the Taylor coefficients given by the data p; = q;.
Thus, again in this case, [P(z) — Q(z)| < O(¢?) for all z € I.

This completes the proof of Proposition

O

3.3 Efficient Cover Construction In this section, we give an algorithm to construct a near-
minimum size cover in output polynomial time:

Theorem 3.7. Let n,k be positive integers and € > 0. There exists an algorithm that runs in time
n (k/e)° k181D and returns a proper e-cover for Snk, i-€., a cover consisting of n (k/e)Okloe(l/e)
k-SIIRVs each given as an explicit sum of k-IRVs.

Our algorithm builds on the existential upper bound established in the previous subsections.
We first construct an e-cover for k-SIIRVs in Case 2 of Theorem i.e., k-SITRVs whose variance
is more than a sufficiently large polynomial in k/e. By Theorem each such k-SIIRV is e-close to
a random variable of the form ¢Z + Y, where 1 < ¢ < k — 1 is an integer, Z is a discrete Gaussian
and Y is a ¢-IRV. In Section [3.1] we exploited this structural fact to construct a non-proper cover for
k-SIIRVs in this case. We remark that this non-proper cover may contain “spurious” points, i.e.,
points not close to a large variance k-SITRV. Efficiently constructing a proper cover without spurious
points for the high variance case requires careful arguments and is deferred to Appendix

We now focus our attention to Case 1. By Lemma we have that all such k-SITRVs can be
approximated by a constant plus a sum of poly(k/e) k-IRVs. Since there are only nk possibilities
for this constant, and all such possibilities are easily obtainable, it suffices to find an explicit e-cover
for S, when n = poly(k/e).

A simple but useful observation is that we can round each coordinate probability for each of our
k-IRVs to a multiple of €/(nk) and introduce an error of O(e) in total variation distance. Therefore,
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it suffices to find a cover of S;h i a sum of n = poly(k/e) independent k-IRVs, where each of their
coordinate probabilities is a multiple of & for some integer N = poly(k/e). We will henceforth call
such a k-IRV N-discrete k-IRV.

Our main workhorse here will once again be Lemma The cover we construct will be
much the same as in Proposition but we will now explicitly produce SITRVs that obtain every
possible value of D. Fortunately, the Taylor series of the log of the Fourier transform is additive in
the composite k-IRVs, and so there exists an appropriate dynamic program to solve this problem.

Let § > 0 be given by a sufficiently small polynomial in €/k, and let m be an integer at least
a sufficiently large multiple of log(1/e). We divide the unit circle into arcs I with midpoints wy as
described in the proof of Proposition For any N-discrete k-IRV, P, we associate the following

data. For each interval I, let p11,..., pr, 1 be the roots of P that are within distance 1/(3k) of wy,

and let ¢(z) = m%%. For 1 < j < ry, let p;; be a rounding of p;r with p}, I = (a + bi)§ for

some a,b € Z and \p;-’l —pjrl <9. For 1 <j <m,let c;.J be a rounding of ¢; ; with 03.71 = (a+bi)d
for some a,b € Z and |c} ; — ¢; 1| < 6, where the ¢, 1 are the coefficients of first m + 1 terms of the
Taylor series Ing(z) = 3272, ¢;(2 — wr)’. Let P be the data consisting of the list (o} ;,..., 0, ;)
and the vector (c{ ,¢) 1,- .., ¢, ). We let D(P) be the sequence of P over all intervals I.

Given a sequence Py, Py, ..., Py, of k-IRVs, we let D(P1,...,P}) be given by the following data
for each I:

e The first m elements of the concatenation of the lists of approximate roots of H?Zl ﬁ(z) near
wr.

e The list of elements Z?Zl c;-I(PZ-) for 0 < j < m, with the exception that the j = 0 term

is replaced by —oo if for any h’ < h we have that the real part of Zfil 067 ;(P;) is less than
—nk —m—mlnk.

Our algorithm will follow from three important claims:

Claim 3.8. We have the following:
(i) D(P1,...,Pp) can be computed in poly(k/e) time from D(Py,...,Pr_1) and D(Py).
(i) There are only (k‘/e)o(klog(l/e)) possible values for D(P1,...,Py) for any h < n.

(iii) If D(P1,...,Py) = D(Qu,...,Qn) and P,Q are the distributions of > | X; and > | Y;
for X; ~P; and Y; ~ Q; then dry(P,Q) <.

Proof. The first statement follows from the fact that the lists of roots in D(P1, ..., P}) are obtained
by concatenating those in D(Py,...,Pp_1) with those in D(P},), and truncating if necessary.
And moreover that Z?Zl c; 1(P;) is obtained by adding ¢, ;(Pp) to Z?;ll ¢ ((P;) (with the term
remaining —oo if it was in D(Py,...,Pp_1)).

For the second statement note that for each of the O(I) intervals, we store O(log(1/¢)) complex
numbers whose real and imaginary parts are each multiples of . As each of these numbers (with
the exception of a —oo term) have size at most poly(k/e) and § = poly(e/k), there are only
poly(k/e)O®102(1/€)) many possible values for D(Py,...,Py).

The third statement is true for essentially the same reasons as in the proof of Proposition
Once again, we simply need to show that for each interval I it holds |P(z) — Q(z)| < (¢/k)* for all
z € I and c a sufficiently large constant. Note that the listed roots are simply J-approximations
of the (first m) roots of P and ¢ within distance 1/(3k) of wy, and the Y i, ¢ ;(P;) are within
distance nd of the coefficients of the Taylor expansion of the logarithm of ¢(z) about w;. If we have
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m nearby roots, both P and Q are small for all z in this range. Otherwise, unless there is a —oo
in D(P) = D(Q), they are close by Lemma If we do have a —oo then

h/
R (Z cé’I(Pi)) < —nk —m—mlnk

=1

for some h' < h. Since the later ¢y ;(P;) and cp ;(Q;) have Rep (P;) < m;Ink and Reg 1(P;) <
m;Ink by gemma this means that |¢(w;)| < e”™e™"*, and as in Proposition this implies
that both P and Q are sufficiently small. O

We can now present the algorithm for producing our cover. The basic idea is to use a dynamic
program to come up with one representative collection of P1,...,P} to obtain each achievable
value of D. The algorithm is as follows:

Algorithm Cover-SIIRV
Input: k,e > 0 and n, N = poly(k/e).

1. Define § and m as above.
2. Let Lo = {(D(0),0)}.
3. Forh=1ton

4. Let Lj be the set of terms of the form (D(Pi,...,Pp),(P1,...,Py)) where
(D(Py,....,Py_1),(Py1,...,Py_1)) € L,_1 and Py, is an N-discrete k-IRV.

5. Use a hash table to remove from Lj; all but one term with each possible value of
D(Pi,...,Py)

6. End for

7. Return the list of distributions >, X; with X; ~ P; for each
(D(Pl, . ,Pn), (Pl, ceey Pn)) S Ln

To prove that this produces a cover, we claim by induction on h that Lj; contains an element
that achieves each possible value of D(Pq,...,P). This is clearly true for h = 0. Given that it
holds for h — 1, Claim (1) implies that the non-deduped version of Ly, also satisfies this property,
and deduping clearly does not destroy it. Therefore L, contains (exactly one) element for each
possible value of D(Py,...,P,). Therefore, by Claims [3.8(ii) and (iii), the algorithm will return a
cover of the appropriate size. For the runtime, we note that the initial size of Lj before deduping
is the product of the size of L,_; and the number of N-discrete k-IRVs, which by Claim [3.8](ii)
is poly(k/e)*1°8(1/9)  Each of these elements are generated in poly(k/€) time, and the deduping
process takes only polynomial time per element. Therefore, the final runtime is poly(k/e)*0g(1/e),
This completes the proof of Theorem

4 Cover Size Lower Bound

In this section we prove our lower bound on the cover size of k-SIIRVs. In Section we show
the desired lower bound for the case of 2-SIIRVs. In Section 4.2| we generalize this construction for
general k-SITRVs.
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4.1 Cover Size Lower Bound for 2-SIIRVs We start by providing an explicit lower bound
on the cover size of 2-SIIRVs. In particular, we show the following:

Theorem 4.1. For all 0 < ¢ < e *? and n € Z such that 7 < n < $In(1/e), there is an e-packing
of Sn.2 under dry with cardinality (1/¢)?™

We begin with the following useful lemma:

Lemma 4.2. Let P and Q be 2-SIIRVs given by parameters p; and q; for 1 < i < n, for some
n > 7. Suppose that for alli, 1 <i <mn, it holds |p; —i/(n +1)| <1/4(n+1) and |¢; —i/(n +1)| <
1/4(n+1). Then,

drv (P, Q) = max|p; — ¢l - e ",

Proof. Let € = |p;—q;|e™". For a distribution P supported on [n], define rp(p) to be the polynomial
’I"P(p):]EXNP [( 1 ZP —1Z T Z

ForaPBD P € S, 2 and X ~ P with X =)"" | X; for X; ~ Ber(p;), we have that

rp(p) = El(p—1)%p" ] =E [(p _ T Xy ?:1(17Xi>}
= [E H(p — I)Xiplfxi = HE [(p _ 1)Xip1*Xij|
i=1 i=1

n

= [[wp-D+0-p)p)=]]0—p) -

i=1 =1

Hence, the roots of the polynomial rp are exactly the parameters p; of the 2-SIIRV P € §,, ». We
have the following simple claim:

Claim 4.3. Let P,Q € S, 2 such that dryv (P, Q) < e. Then for any p € [0,1], we have that

7 (p) = rq(p)| < 2¢

Proof. We have the following sequence of (in)equalities:

re(p) —ra()| = |>_(P@E) - Q@)1 <Y I(PH) - QM) [(p—1)'p"|
1=0

1=0

IN

Z]P (1)] = 2d7v (P, Q) < 2,

where the second line is the triangle inequality and the third line uses the fact that |(p—1)%p" % < 1
for all i € [n] and p € [0, 1]. O

Hence, to prove the lemma, it suffices to show that for some p € [0, 1] that

Irp(p) — rq(p)| > 2e.
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In particular, we show this for p = p;. Noting that rp(p;) = 0, it suffices to show that |rq(p;)| > 2e.
We now proceed to prove this fact. If j # ¢ we have that,

’pi_qi,z’i_ﬂ—pi_i‘_%_ ] ‘Z ! .
Therefore, we have that
n ) )
rq()| = j]jl|pi—qj|2|pi—qi|-g%,

We note that

Moy = G-we0t= gy = 5 ®

i—1

where we use the elementary inequalities n! > (n/e)™ and (ﬁ:ll) < 271, Applying this to the
above, we find that

Ipi — ail - 2|pi — qil

) > 2e.
rel)l = T e e 2
O
Proof of Theorem[{.1. Given ¢ > 0 and n € Z satisfying the condition of the theorem, we define
an explicit e-packing for S, o as follows: Let s = [¢~'/2]. For a vector a = (a1,...,a,) € [s]", let
a i ai\/E .
= 1,...
p’l, n + 1 + 4n ) 1 E { b 7n} )

be the parameters of a 2-SIIRV P, € S, ». We claim that the set of 2-SIIRVs {Pa}ae[ satisfies

the conditions of the theorem, i.e., for all a,b € [s]", a # b implies dry (Pa, Pp) > €.
In particular, if a # b, then there must be some ¢ so that a; # b;. Then, by Lemma we
have that

s]™

3/4

b3 Ve 3 ¢
dry (Pa,Pp) > [pff —p;’le nZRG nzﬂzﬂ

As a simple corollary we obtain the desired lower bound:

Corollary 4.4. For all0 < e <1 and n = Q(log(1/€)), any e-cover of Sy2 under dry must be of
size n - (1/e)og1/e),

Proof. We will assume without loss of generality that e is smaller than an appropriately small
positive constant. First note that if there exists a 3e-packing for S, 2 of cardinality M, then any
e-cover for S, o must be of cardinality at least M. Indeed, for every Q;, ¢« = 1,..., M, in the
3e-packing, consider the (non-empty) set N (Q;) of points P in the e-cover with dry(Q;, P) < e.
If P € N(Q;) and j # i, we have dpy (P, Q]) > dTv(Q]‘, Qi) — drv(Q;, P) > 2¢. That is, the sets
N(Q;) are each non-empty and mutually disjoint, which implies that the size of any e-cover is at
least M.
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By Theorem for any 0 < € < e72/3, if we fix ng = | In(1/3¢€)], there is a 3e-packing for
Sz of size (1/€)2198(1/€) From the argument of the previous paragraph, any e-cover for Sp, o is
of size (1/e)$oa(1/e)),

To prove the desired lower bound of n - (1/ e)mlog(l/ 9) we construct appropriate “shifts” of the
set Spy,2 as follows: Consider the set S, 2 where n > r(ng + 1) for some r» € Z,. For 0 < i < r,
let Sﬁ,z be the subset of S, » where i(ng + 1) of the parameters p; are equal to 1, and at most ng

other p;’s are non-zero. Note that for i # j any elements of 871'172 and 87{12 have disjoint supports.
Therefore, any e-cover of S, 2 must contain disjoint e-covers for 571'1,2 for each i. Note also that

Therefore, any e-cover of S,, must have size at least |n/ng] - (1/€)?08(1/€)) = p(1/¢)os(1/€),

S, 1s isomorphic to Sy, o for each i, and thus has minimal e-cover size at least (1/ €)$log(1/e))

O]

4.2 Cover Size Lower Bound for k-SITRVs In this section, we prove our cover lower bound
for k-SIIRVs:

Theorem 4.5. For 0 < e < e '2(2k)™% and n < |35 log(1/€)|, there is an e-packing of S, under
dry with cardinality (1/€)HmF),

Proof. We consider k-SIIRVs close to the (kK — 1) multiple of the 2-SIIRV P, with parameters

pi = ﬁﬂ we used for the explicit lower bound in Section Let m € Z; and 0 < 6 < 1

be parameters that will be fixed later. Given an a € [m]"*=2) which will index by a;;, for

ie{l,....,n}and j € {1,...,k — 2}, we define a k-SIIRV P, as follows. For each i, we take a
k-IRV Y; with pdf defined as follows:

PI‘[Y;‘:O] = (1—]),‘) 1—5-2(1@- s
J

PrlYi=j] = 6-a;, 1<j<k-2,
PrlY;=k—-1] = pi{1-6) ay
j

For convenience, we will denote va; = <1 -0y j aij> . We claim that the set of distributions

P,, ac [m]”(kﬂ), is an e-packing. To prove this statement we proceed similarly to the proof of
Theorem For a distribution P, we will consider the expectations

n
rpi; = P} Hpi — 1Pk — 1) + 4)
1=0
forie{1,...,n} and j € {1,...,k — 2}. Similarly to Claim [4.3] we have the following:
Claim 4.6. Let P,Q € S, such that drv (P,Q) < €. Then for any i € {1,...,n} and j €

{1,...,k — 2}, we have that
7P.ij — rQuij| < 2e.
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Proof. We have the following sequence of (in)equalities:

ITpij —TQ.iil = Z k=1)+7) = QU(k— 1)+ ))p! " (pi — 1)
< z k=1)+5) = QUE = 1) + )| o~ (o~ 1)
< z F— 1))~ QUK — 1)+ )] < 2dry (P, Q)
< 26,

where the second line is the triangle inequality and the third line uses the fact that [pf~'(p;—1)!| < 1
foralll € [n] and i € {1,...,n}. O

By the above claim, to complete the proof, it suffices to show that |rp, ;; —7p, ij| > 2¢ whenever
a;; 7 b;;. To prove this statement, we exploit the fact that these k-SIIRVs are close to a multiple
of Py, by ignoring terms in the expectations that are O(6?).

Let Y = 37 | V; with Y ~ P, for a given a € [m]™*~2). We define several events depending
on which coordinates Y; are equal to 0 or k — 1, and consider their contribution to the expectation
T'P,,ij separately.

Firstly, let A>9 be the event that more than one Y; is not 0 or £ — 1 . The probability that any
fixed Y; is not 0 or k£ — 1 is small, namely

k—2
> Pyl }:MU_ —2)md .
j=1

Hence,

- (n(k — 2)mé)?

N =

Prldsa] < () (6~ 2mb)? <

The contribution of A2 to rp, ij IS TP, ij,As, = D 1=0 D Ypi—1)"Pryp, [Y =1(k— 1)+ N Asq] ,
and therefore

S (0l — 2yms)?

’rPaﬂJ Az |
since [pP ! (p; — 1)!] < 1.
Secondly, let Ay be the event that all Y;’s are 0 or k — 1. If Ay occurs then Y is a multiple of
k —1. Thus, for I € [n] and j € {1,...,k — 2}, we have Pry.p, [Y =1(k— 1)+ jN Ag] = 0. The
contribution of Ag to rp, ;; is

TPaij,Ag ‘= Zp —1 PryNPa [Y:l(k—l)-l-jﬁAo] =0.

Finally, for i € {1,...,n}, let B; be the event that Y; is the only k-IRV that takes a value between 1
and k—2. The probability of all other Y}, with h # 4, being either 0 or k—11is [ ], 2 Yah- We consider
the RVs X_; = Zh# X, where X, ~ Ber(pp). That is, X_; ~P_; € S;,_12, i.e., it is a 2-SIIRV

with parameters pp, for h # i. Then, the conditional probability Pr [Zh 2 Yo =1U(k—1)|(B; U AO)]
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is equal to Pr[X_; =] =P_;(l) for all [ € [n]. So, for all [ € [n] and j € {1,...,k — 2} we have

PriY=l(k-1)+jNnB;] = Pr ZYh:l(k—l)ﬂ(BZ-UAg) Pr[Y; = j]
hti
= H’Yah 5“1]
h#i

Then, the contribution of B; to rp, g; is

TPa,gj,B; = ZP — 1)!Pryp, [Y =1(k—1)+jNBj]

= Hf)/a,h (5&1] ZP -1 lP—z(l)

heti

= | I ran | -daij-re_.(py)

h#i
= H Ya,h |+ Oaij - H(ph —Pg) ;
h#i h#i

where rp_, above is as defined in the previous section, and when g # ¢, the second product includes
the term py —py = 0, so rp, g4;,B, = 0. Summing these contributions to the expectation rp, ;; gives:

TPajij = TPajijAss T TPajijAg + Z TPa,ij,By
g=1
= TPaij,Asy T TPa,ij,B;
= TPaijdss + | [ Yan - 0ai - [[(on — pi)
hti hti
Now consider a and b which for some i € {1,2,...,n} and j € {1,2,....,k — 2} have a;; # b;;. We
have that Hh# lpr, — pi| > e~ by Equation , and thus,

H%,h = H (1 — 52%;‘) >(1—(k=2)mé)" 1 > (1 - (n—1)(k—2)md),
heti hati J
la;j — bij| > 1, and ”I”Pa7ij7A22| < %(n(k —2)mé)2.
We obtain the following sequence of inequalities:

[TPaij — TPuij| = [TPasij,B; = TPu,ij, By  TPasijAss — TPyij,Ass|
> ‘ I (pn = pg) ( T1 vandai; — H vb,hébz'j)( — (n(k — 2)mg)?
h#i h#i '
> 6_3n} H 'Ya,hé‘ : |az] bz]| —€ 3n5b2]’ H Ya,h — H Yo, h| - 2)m5)2
hi h+#i

> e 31— (n—1)(k — 2)md)s — 6m(!1 — IT van| + 1 - ) — (n(k — 2)md)?
h#i h#i

> e — 26mn(k — 2)md — 2(n(k — 2)md)?

> 35 — 3(n(k — 2)md)?
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Recall that by assumption € < e 2(2k)™%. We set n = |Llog(l/e)], § = 36/%, and m =
{%J Then, e3"¢ > 3¢ and 3(n(k — 2)md)? < e. So, we have that |rp, ;; — rp,ij| > 2¢ as
required. Also, va > 1 —+/€ > 0, so the k-IRVs are indeed well-defined.

Therefore, we have exhibited a set of m™*=2 k-SIIRVs that have pairwise total variation

distance at least e. The proof follows by observing that m"™(F=2) = (1/¢)klog1/e), O

5 Sample Complexity Lower Bound

In this section, we prove our sample complexity lower bounds. We start with the case k = 2, and
then generalize our construction for an arbitrary value of k. As mentioned in the introduction, our
sample lower bounds make crucial use of a geometric characterization of the space of k-SIIRVs.
In Section [5.1] we describe our geometric characterization for 2-SITRVs, and in Section [5.2] we use
it to prove our 2-SIIRV sample lower bound. Similarly, in Section [5.3] we describe our geometric
characterization for k-SIIRVs, and in Section [5.4] we use it to prove our k-SIIRV sample lower
bound.

5.1 A Useful Structural Result for 2-SITRVs In this subsection, we prove a novel structural
result for the space of 2-SIIRVs (Lemma . This allows us to obtain a simple non-constructive
lower bound on the cover size of 2-SITRVs under the Kolmogorov distance metric. More importantly,
this lemma is crucial for our tight sample complexity lower bound of the following subsection.

Before we state our lemma, we provide some basic intuition. The set of all distributions sup-
ported on [n] is n-dimensional (viewed as a metric space). Note that each P € S, 2 is defined by
n parameters. It turns out that S, 2 is also n-dimensional in a precise sense. This intuition is
formalized in the following lemma:

Lemma 5.1. (i) Given any P € S, 2 with distinct parameters in (0,1), there is a radius 6 = 6(P)
such that any distribution Q with support [n| that satisfies dx(P, Q) < 0 can also be expressed as
a 2-SIIRV, i.e., Q € Sy 0.

(it) Let Py € Sy, 2 be the 2-SIIRV with parameters p; = 7#17 1 <i<n. Then any distribution

Q with support [n] that satisfies dx(Po, Q) < 279 is itself a 2-SIIRV with parameters q; such that
1

lgi — pi| < ICESYE

Proof. We consider the space of cumulative distribution functions (CDF’s) of all distributions
of support [n]. Let T, be the set of sequences 0 < z; < z9 < ... < x, < 1. Consider the
map P, : T, — T, defined as follows: For p = (p1,...,pn) € T}, (i.e., with ordered parameters
0<p <...<p, <1), let P be the corresponding 2-SIIRV in S, 2. For i € {1,...,n}, let
(Pn(p))i = P(< i). Namely, P, maps a sequence of probabilities to the sequence of probabilities
defining the CDF of the corresponding 2-SITRV.

The basic idea of the proof is that the mapping P, is invertible in a neighborhood of a point p
with distinct coordinates. This allows us to uniquely obtain the distinct parameters of a 2-SIIRV
P € S, 2 from its CDF. We will make essential use of the inverse function theorem for P,, which
we now recall:

Theorem 5.2 (Inverse function theorem [Rud76]). Let F': S — R", S C R", be a continuously
differentiable function and x be a point in the interior of S such that the Jacobian matriz of F,
Jac(F)(x), is non-singular. Then there exists an inverse function, F~1, of F in a neighborhood of

F(x). Furthermore the inverse function F~1 is continuously differentiable and its Jacobian matriz
satisfies Jac(F~1)(F(x)) = (Jac(F)(x)) .
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We will apply the inverse function theorem for P, at the point p defining the distinct parameters
of the 2-SITRV P in the statement of the theorem. It is easy to see that P, is continuously
differentiable. The main part of the argument involves proving that the Jacobian matrix of P, at
p, Jac(Py)(p), is non-singular.

Recall that Jac(P,,)(p) is the n x n matrix whose (i, j) entry is the partial derivatives of (Py,);

in direction j, i.e., (Jac(Py)(p))ij = % We start by showing the following lemma:

Lemma 5.3. For a 2-SIIRV P € S, 2 with parameters p, we have

M(p) - Jac(Py,)(p) = —diag | [[(»i — p)) (9)
joi

where M(p) is the n x n matriz with entries (M(p))i; = (1 —pi)jflp?_j, 1 <i,j <n. Here, for
x € R", we denote by diag(x) the diagonal matriz with entries (diag(x)):; = x;.

(Pn(p))i

Proof. To calculate the partial derivative — s we isolate the effect of the parameter p; from
J

the other variables. In particular, for X ~ P, ie., X =3 " | X;, with X; ~ Ber(p;), we can write
X = X_j + Xj, where X_j = Zz;é] X;. Note that Xj ~ P_j S Sn_l,g, i.e., it is the (TL — 1)
parameter 2-SITRV with parameters p; for i # j. Now, for 1 < i < n, we can write

(Pa(p))i = P(<i) = Pj(< (i = 1)) + (1 — pj)P (i — 1).

The derivative of this quantity with respect to p; equals a(Png)))" = —P_;(i — 1). Therefore, the
j-th column of Jac(Py)(p) equals —1 times the pdf of the distribution P_;. This allows us to
consider multiplying on the right by Jac(P,,)(p) as taking the expectations of certain distributions.
In particular, for y € R™ and any 1 < j < n, we have that

(y* Jac(P, Zyz _j(i—1)=-E[yx_,41] -
Therefore, for 1 < 4,5 < n, we can write

(M(p) - Jac(Pn)(p))ij = —Z — D IprtP_(k—1) = —E [( )X X 1}

- _R H( _1)Xk1Xk _ HE[ _1Xk1Xk}

k#j k#j

- H [(pi — Dp +pi(1 — pi)] = — H(pi — Dk) -
k#j k#j

Note that for i # j, the above product contains the term (p; —p;) and so is equal to 0. When i = j,
we have (M (p) - Jac(Py)(P))ii = — [ [ (pi — px) completing the proof of the lemma. O

We are now ready to prove part (i) of Lemma To this end, consider a 2-SITRV P with distinct
parameters p, i.e., p; # p; for i # j, such that p; € (0,1) for all <. Note that p lies in the interior
of T;,. Moreover, for all ¢, we have [, ;(pi — p;) # 0 and therefore the matrix diag([];.;(pi — p]))
appearing in @ is non-singular. It follows from Lemmanthat both matrices on the LHS of @
non-singular. In particular, Jac(P,)(p) is non-singular, hence we can apply the inverse functlon
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theorem. As a corollary, there exists an inverse mapping P, ! in some neighborhood of P,(p).
Specifically, there is some § > 0 such that P, ! is defined at every x € T}, with [|x — Py (p)]loc < 0.

Let Q be a distribution over [n] satisfying dk (P, Q) < 0. Equivalently, if y = (Q(< )i, €Ty
is the CDF of Q, then ||P,(p) — ¥|loo < 0. Thus P, ! is defined at y and q = P,;!(y) € T,, are
the parameters of a 2-SIIRV with distribution Q. Thus, Q is a 2-SIIRV with parameters q, which
completes the proof of (i). Note that the proof also implies that Q in this neighborhood can be
taken to be P, (q’) for q’ in some small neighborhood of p.

To prove part (ii) of Lemma we use a geometric argument. Recall that the parameters of

n+1) By
and therefore dk (Pg, Q) >

_1 _n_
n+1’"""7 n4l

Lemmawe have that any Q in P,,(95) satisfies drv (Po, Q) >
W > 92~ 9n

Let B be the set of distributions Q on [n] so that dk (P, Q) < 279", We claim that P,,(S)NB =
B. To begin, note that S is compact, and therefore this intersection is closed. On the other hand,
since P, (0S) is disjoint from B, this intersection is P, (int(S)) N B. On the other hand, since P,
has non-singular Jacobian on int(5), the open mapping theorem implies that P, (int(S)) N B is an
open subset of B. Therefore, P,,(S) N B is both a closed and open subset of B, and therefore, since
B is connected, it must be all of B. This completes the proof of part (ii). O

Py are pg = ) Let S C T, be the set of vectors p Wlth lp — Pollec < D

4(n+1)’

As a simple application of our structural lemma, we obtain a non-constructive lower bound on
the cover size under the Kolmogorov distance metric:

Theorem 5.4. For any e >0 and n = Q(log(1/€)) any e-cover of S, 2 under dx must have size at
least n - (1/¢)*(log(1/€))

Proof. Note that by an argument identical to that of Corollary it suffices to prove a packing
lower bound of (1/¢)2(°e(1/9) for n, = O(log(1/€)).

To that end, fix n = ng = |5 logy(1/€)]. Then, we have 279" > \/e. By Lemma ( i), there
is a 2-SIIRV Py € S, 2, such that any distribution Q with support [n] and dk(Py, ) < /eisin
Sp2. We will give an e-packing lower bound for this subset of 2-SIIRVs.

Let us denote by z € T;, the vector defining the CDF of Py, i.e., z = (Po(< 7))]~;. Let S CR"
be the set of points x € R™ with ||x — 2| < v/e. Note that S is an n-cube with side length 24/e.

We claim that every x € S is the CDF of a 2-SIIRV Q € S,,» . By Lemma this follows
immediately if x € T, i.e., if x is the CDF of a distribution. So, it suffices to show that S C T,.
Suppose for the sake of contradiction that there is a point y € S\ T},. Then, there is a point x € S
such that x lies on the boundary of T},. For such a point x, one of the inequalities 0 < z1 < x5 <

. < x, < 1is tight. Thus, x is the CDF of a distribution Q which has Q(7) = 0 for some 7. Since
x € SNT,, Q is a 2-SIIRV with parameters given by Lemma [5.I} In particular Q does not have
any parameters equal to 0 or 1. Thus, we have Q(7) > 0 for all i € [n], a contradiction.

Therefore, any e-cover of S, 2 in Kolmogorov distance induces an e-cover of the same size in
L, distance of the CDF's of distributions in S, 2. If s is the size of such a cover, then we have s
n-cubes of side length e whose union contains S. Recall that S is an n-cube of side length /€. The
volume of each of these s n-cubes is (2¢)™ and the volume of S is (24/€)". The volume of the union
of s n-cubes is at most s - (2¢)"™ and hence s - (2¢€)" > (2/€)" or s = (1/6)9(”), which competes the
proof. O

5.2 Sample complexity lower bound for 2-SIIRVs In this subsection, we prove our tight
sample lower bound for learning 2-SITRVs. Our proof uses a combination of information-theoretic
arguments and the structural lemma of the previous subsection. In particular, we show:

44



Theorem 5.5 (Sample Lower Bound for 2-SIIRVSs). Let A be any algorithm which, given as input
n, €, and sample access to an unknown P € S, o outputs a hypothesis distribution H such that
E[dry (H,P)] < €. Then, A must use Q((1/€2) - \/log(1/€)) samples.

Our main information-theoretic tool to prove our lower bound is Assouad’s Lemma [Ass83|.
We recall the statement of the lemma (see, e.g., [DG85]), tailored to discrete distributions below:

Theorem 5.6. [Theorem 5, Chapter 4, [DG85]] Let r > 1 be an integer. For each b € {—1,1}",
let Py, be a probability distribution over a finite set A. For 1 < ¢ <r andb € {—1,1}", we denote

by b (resp. b)) the vector with b§€,+) = b; (resp. by’*) =Db;) fori #{ and by’ﬂ =1 (resp.
b((f’_) = —1). Suppose there exists a partition Agy, Ai,..., A, of A such that for all b € {—1,1}"
and all 1 < £ <7, the following inequalities are valid:

(a) erAé Py () = P ()| 2 a, and

(b) > pen VPoeo (@) Py (z) >1—7>0.

Then, for any any algorithm A that draws s samples from an unknown P € Py and outputs a
hypothesis distribution H, there is some b € {—1,1}" such that if the target distribution P is Py,

E [dry (P, H)] > (re/4)(1 — \/2s7).

Recall that 2-SITRVs are discrete log-concave distributions. We will use the following basic
properties of log-concave distributions:

Lemma 5.7. There exists a universal constant ¢ > 0 such that the following holds: For any log-
concave distribution P supported on the integers and standard deviation o, there exist at least Qo)

consecutive integers with probability mass under P at least c - 1J1r0

Proof. Note that if o < 1, taking the mode trivially satisfies this property.

Without loss of generality we can assume that 0 is the mode of P. We know that Y, 2*P(z) =
O(0?). Let 02 =3, ., #*P(x). Let t; be the largest integer so that P (¢, + 1)/P(t4) < el/t+. We
note that

> 2’P(x) < ZxQP (@=t)/t — 913 P(0)),

x>0

and
ZzQP( > P(ty) Zx = 0O(t3P(0)).
x>0
Also note that
> Pa) < ZP (r=t4)/t = (1, P(0)).
>0
Similarly, defining o_ and ¢_, we find that 02 = ©(c2+02) = O(P(0)(¢3 +¢3)). Thus, max(t4, t_)3P(0) =
O(0?) and max(t,,t_)P(0) = Q(1). Without loss of generality this maximum is ¢,. Note that
for all 0 < z < t4 that P(z) = ©(P(t+)). This implies that t;P(0) = O(1), and thus, by the
above is ©(1). Therefore, it follows by the variance bounds that 2 = Q(0?), so t+ = ©(c). Hence,

x=0,1,...,t4 are Q(co) terms on which the value of P is Q(1/t1) = Q(1/0). This completes the
proof. ]
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We are now ready to prove Theorem

Proof of Theorem[5.5. Ideally, we would like to use the set of 2-SIIRVs whose parameters are
explicitly described in Theorem [4.1]in our application of Assouad’s lemma. Unfortunately, however,
this particular set is not in a form that allows a direct application of the theorem. The difficulty lies
in the fact that it is not clear how to isolate the changes between distributions in disjoint intervals
using explicit parameters.

We therefore proceed with an indirect approach making essential use of Lemma (ii). We
start from the 2-SIIRV Pg in the statement of the lemma and we perturb its pdf appropriately
to construct our “hypercube” distributions Py. The lemma guarantees that, if the perturbation is
small enough, all these distributions are indeed 2-SITRVs.

Observe that the variance of Pg is ©(n) since Q(n) parameters p; lie in [1/4,3/4]. By Lemma
there exist r = Q(y/n) consecutive integers, an integer m, 0 < m < n, and a real value ¢ with
t > c¢-r, such that for all i, with m < i < m 4 2r, we have

2

P(i) > - .

27971

For n sufficiently large, we can assume that 279" < ¢ and therefore % >
We are now ready to define our “hypercube” of 2-SIIRVs. For b € {—1,1}", consider the
distribution Py, with

Py (i) = { Po(i) — 2;% if b\_%(i—m)j =1 and i is even
Po(i) + 255 i b1y = 1 and i is odd

Note that all these distributions are 2-SIIRVs as follows from Lemma (ii) since
di (Py, Po) < dry (Pp, Po) = 27" .

For 0 <i <r—1, the sets A;11 = {m + 2i,m+ 2i + 1} define the partition of the domain. We can
now apply Assouad’s lemma to this instance.
For b € {—1,1}" we can write

2. 2—9n
. .

Z [Py (z) = P (2)] =

€Ay

Similarly,

= ) N\ Py (i) = Pyeo (4) i
ZWPW,H(Z)—¢Pb@,_)<z>> = > ( ¢PL,H(@~>> +;Pb(l,_)(i)

=0 i=m~+2¢,m+20+1

2
D> 2
i=mA20m20+1 V Pyt (1) + /Py (i)

2
> (3]
i=m4-26,m+20+1 2y/1/t

2—18n .c
2r

v
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where the first inequality uses the fact that

279 2 1 _ 1
Py(i) > Py(i) — >2 >z
b(D) 2 Po(l) - ——==23-32%
for m <i<m+ 2k.
Therefore, the parameters in Assouad’s Lemma are
2. 2—9n 2—18n .c 1
o= , Y=—+—, and s= —
T 2r 8y
from which we obtain that that there is a Py, with
27971
Eldry(H, Pp)] 2 (ra/4) - (1 - v/2s7) = —

Hence, for € = 279772 if the number of samples satisfies

1 . 218n
$S g =g =0@P V) =0 ((1/)viog(1/9))
then E [dry (H, Pa)] > €, completing the proof of the theorem. O

5.3 A Useful Structural Result for k-SITRVs In this subsection, we prove the analogous
structural result to Lemma [5.1] for k-SIIRVs.

Proposition 5.8. Let k > 2 be a positive integer and € < 1/poly(k) be sufficiently small. Let n
be a sufficiently small multiple of log(1/€). Define P to be the k-SIIRV given by X ~ P such that
X =301, Xi, where X;(j) = pij, and for 1 <i<n,1<j<k—2 we have that

pij =1/B(k =2)n),pio = 1/3+ (i = 1)/(3n), pik-1(k — 1) = 1/3 + (n —14)/(3n).
Then, if Q is any distribution supported on [n(k — 1)] with dpv (P, Q) <€, then Q is a k-SIIRV.

Proof. The basic idea of the proof will be topological. We note that the dimensionality of the
parameter space of n-variate k-SIIRVs is the same as the dimensionality of the space of random
variables of appropriate support size. Our result will follow from the following lemma:

Lemma 5.9. Let ¢;; (1 < i < n,0 < j < k—1) be a sequence of positive real numbers with
Z;:é ¢ij = 1 for eachi. LetY be the k-SIIRV defined by the q; j. Suppose that max; ;(|pi;—q ;|) =

€23, Then, dry(X,Y) > e.

Proof. Let I and J be one of the pairs of integers such that we achieve |pr; — qr.7| = €2/3. X has
probability generating function X (z) = E[z*] = [[lL; X;(2). We start with the following claim:

Claim 5.10. Assuming n is sufficiently large, the roots of Z(z) = 0 satisfy

1/(k-1)
2y — emi120)/(-1) ("“)

— < 0(1/(k = 1)n)

for 0 < ¢ <k —2. Also, \zZ\SBforalllgjgk—l.
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Proof. Specifically we claim that when n > 200, there is a root within distance 33/(k — 1)n.
Consider the polynomial f;(x) = (1/3 + (n — I)/(3n))xz*~1 4 (1/3 + I/(3n)). Then, f;(z) =0

has roots x = ay, where
1/(k—1
0 = gm0/ (T /1)
¢ — € )
2n—1
for 0 < ¢ < k—2. Note that )?}(:c) = f[(x)—i—Z;?;lQ 27 /(3(k—2)n)—1/3n. Also, for any 1 < k < k—1,
we have 1 < |a%| <2.
We will show that for any y € C with |y — a,| = 33/(k — 1)n, it holds \XI( )| > | X1(ap)|, and
therefore there is a root z; of X;(x) with |ze — ag] < 33/(k — 1)n. We have

| X1(a)l = |frae) + Y ae/(3(k — 2)n) — ar/3n| < 2|as| /3n < 4/3n.
j=1

Now we consider fr(z) expressed as a polynomial in w = z — ay. We claim that this is dominated
by the w term when |w| = 33/(k — 1)n. We show that, under certain conditions, the binomial series
is dominated by its first two terms:

Claim 5.11. If m|x/b| < 1/3, then |(b+ )™ — b™ — (m — 1)xb™ | < (m — 1)|zb™ Y /2.

Proof. By the binomial theorem (b + 2)™ = > 1", ( )a?b™~J. Note that the ratio of the absolute
values of the z7*! and 27 terms is
/|G

()

Jg+1
m m—1

|(b+z)™ —b™ — (m—1)xb™ | \Z( ).@me I < (m=1)b™ > 377 < (m—1)[xb™ /2.
Jj=2 Jj=1

=(m=3)/G+1)-|z/b] <1/3.

Thus,

O]

When |w| = 33/(k — 1)n, we have (k — 1)|(w/a;)| < 66/n < 1/3, and therefore
fr(w+ar) = (1/3+ (n—1)/Bn))(w +an)*" + (1/3 +1/(3n))
satisfies
|[f1(w+ar) = (1/3+ (n = 1)/(3n))(k = Dwa} | < (1/3+ (n = I)/(3n))(k — 1)|way | /2.

Since |(1/3 + (n — I)/(3n))(k — 1)|wak™'|/2 > 33/12n, and so | f;(w + as)| > 33/12n.
Now we have that |f;(y)| > 33/12n and fr(ag) = 0. We also have

k—2 k—
(X1(y) = filw)| = Do /(3(k — 2n) — 1/3n| < Z Jael +33/(k — 1)n)’ /(3(k — 2)n) +1/3n.
=1 j=1

By Claim on (|ai| +33/(k — 1)n)?, we have that

(Ja1| +33/(k — 1)n)? < a1 + 3jla1|33/(k — 1)2n < 2+ 99;5/(k — 1)n < 3.
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So,

k—2
1/3n + Z(]ag] +1/n)/(3(k —2)n) < 1/n+1/3n = 4/3n.
j=1

We have
IX1()| = |fi(w)] — [(X1(y) — fiw))] = (33— 16)/12n > 4/3n > | X (ar)].

Since this holds for all y € C with |y — ay| = 33/(k — 1)n, it follows that there is a z, € C with
|ze — ap| < 33/(k—1)n.

Finally, note that since |zp — ag| < 33/(k — 1)n < 1/6(k — 1), for any 1 < j < k — 1, we have
(j — 1)(z¢ — ar)/a¢ < 1/3 and so by Claim [5.11]

5 —a) — (G = D)(ze — a)ay | < (= 1)z — ar)ay”'[/2 < 1/6.
Thus, |z§|§\a£|+1/2§3. O
Our lemma will follow easily from the following claim:
Claim 5.12. For some {, we have that | X (z¢) — Y (z¢)| > €5/8.
Proof. Note that for each 4, since |z <3 forall1<j <k—1,
| Xi(20) — Yi(ze)| < 3e¥/® < €'/2/n .

Furthermore, note that for 7 # I that |3\(/i(z@)\ = O(|i — I|/n). This implies that

[TYi(ze) =29,

il
However, we have that -

Xi(z) =0

for all 2.
It suffices to show that |Y7(z¢)| > €3/* for some ¢. Let z,_; = 1. By standard polynomial

interpolation, we have that
k—1

~ =~ zZ =z
Yi(z) = Yi(z) [ ] —— ZJ
£=0 g£i b J
Similarly,
k—1
— — Y
Xr(2)=>_ Xi(z0) | [] — ZJ
=0 JAe St TSI

In order to make use of this, we need to bound the size of the coefficients of the polynomial
Z—Z5
(]._[]755 Zg—Z]]'> .

Claim 5.13. For any {, we have that all coefficients of (H#e %) are O(1).
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Proof. Let

AN k-1
- 1+2(n—1)
Q(z) = Xi( ZPHZJ = <5> [1¢—=).
j=1
Firstly, for £ = k —1 the polynomial in question is Q(z)/Q(1) = Q(z), which clearly has coefficients
of size O(1). For ¢ < k — 1, the polynomial in question is

Q(x)(z - 1)
(2 = 20)(Q'(20)) (20 — 1)

It should be noted that (Q'(z¢))(z¢ — 1) = Q(1) and that multiplying a polynomial by z — 1
at most doubles the size of its maximum coefficient. Therefore, it suffices to consider the poly-
nomial Q(z)/(z — z¢). In order to analyze this, we write 1/(z — z¢) as a power series P(z) :=
Yoo ="/ zm'H We note that the polynomial in question is the product of Q(z) times this power
series. We note that we need only consider the first k£ terms of this product since terms of degree
more than k cancel. Noting that the first & coefficients of P(z) are all O(1) and that the coefficients
of Q(z) have absolute values summing to 1, implies that the first k& coefficients in their product are

all O(1). This completes the proof. O

Therefore, the largest coefficient of 3(:/](2’) — %(z) is at most

D> |Xi(z) = itz
l

Recall that this largest coefficient is €2/3 by assumption. Therefore, for some ¢ we must have that
X1 (20) = Yize)| 2 Q) = €41,
On the other hand, we have that
Xi(zh-1) = Yi(zo1) = 1,

and so for some other ¢ we must have that |/Yv[(2g)| > €%/%. Noting that

X(z) =0,
and B

This proves the claim. O

The lemma now follows from the fact that

n(k—1)

X(z0) = V()| = > 21X (m) — Y(m)|

m=0
n(k—1)

o Z Y (m)]

= 20(”)dTV(X, Y).
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Note that Lemma actually applies for any Y and Z with all parameters of Z within ¢2/3 of
those of X, and the parameters of Y of distance § from Z, that dry (Y, Z) > €!/35. This implies
that the derivative of the map F : R**~1) — R?*k=1) from parameters of (n, k)-SIIRVs close to X
to probability distributions on [n(k — 1)] is everywhere injective (if DF(Z) had some null-vector v,
then F(Z +dv) would be F(Z)+ 0(d), which is a contradiction). Therefore, by the Inverse Function
Theorem, F' is an open map.

Let B be the set of parameters of k-SIIRVs within €2/3 in L% of those of X. Let By be the
set of distributions on [n(k — 1)] within € of X. Let V = F(B;) N Ba. On the one hand since
B; is compact, this must be a closed subset of Bs. On the other hand, Lemma implies that
V = F(Int(B1)) N Ba, which is an open subset of Bsg, since F' is an open map. Therefore, V' is both
an open and closed subset of By. Since Bj is connected, this implies that V' = Bsy. Thus, every
element of By is in the image of F), and is thus a k-SITRV, proving Proposition O

5.4 Sample complexity lower bound for £-SIIRVs In this subsection, we prove our general
sample lower bound against k-SIIRVs:

Theorem 5.14 (Sample Lower Bound for k-SIIRVS). Let A be any algorithm which, given as
input n, k > 2, € < 1/poly(k), and sample access to an unknown P € S, outputs a hypothesis
distribution H such that E[dty (H,P)] < e. Then, A must use Q((k/€%) - \/log(1/e€)) samples.

In addition to the structural result of the previous subsection, we also need to prove an analogue
of Lemma which does not immediately apply, as k-SIIRVs need not be logconcave. In fact, we
remark that Lemma does not apply to the k-SIIRVs used in the lower bound construction of
Section So, we need to use a slightly different construction.

Lemma 5.15. For the k-SIIRV P defined in Proposition[5.8, there exist Q((k — 1)\/n) consecutive
integers with probability mass under P at least Q(W)

Proof. We wish to reduce this claim to Lemma which gives that there are universal constants
¢ > 0 such that for any PBD Q with standard deviation o, there are at least (o) consecutive
integers with probability mass at least c - 1}ra

Recall that P is the k-SIIRV given by X ~ P such that X = Y " | X; , where X;(j) = p;;
and for 1 <4 <n,1<j < k-2, we have that p;; = 1/(3(k — 2)n), pio = 1/3+ (i — 1)/(3n),
Pik—1(k—1)=1/3+ (n—1i)/(3n). So, we have that Pr[X; =0V X; =k — 1] =1 —1/3n for all i.

Let A be the event that all X; are equal to 0 or k — 1. Then, Pr[Ag] = (1 —1/3n)" = Q(1). Let
Y =X/(k—1)and Y; = X;/(k — 1). Conditioned on the event Ay, each Y; is a Bernoulli random
variable and Y is a PBD Q. Note that Var[Y | Ag] > n(1/3-2/3) = 2n/9 = ( ) So, by Lemmal5.7]

we have that there are integers a, b, with a—b = Q(y/n) such that Q(h) > f(1+f)’ for each integer

a < i < b. Since the probability of Ag is ©(1), it follows that any integer h € [(k — 1)a, (k — 1)b]
with h =0 (mod k — 1) has Pr[X = h] > Q(f) Q((k_})ﬁ).

For a given 1 < i < n, let B; be the event that only X; takes a value between 1 and k — 2.
Then, the conditional distribution of Y_; =) ot Y; under either Ag or B; is a PBD Q_;, which is
the same in both cases. Now, Y = Y_; 4+ Y; and conditional on Ay, Y; is a Bernoulli for any integer
h, so either Pr[Y_; = h | Ag] > Pr[Y = h|Ao]/2, or Pr[Y_; = h —1] Ag] > Pr[Y = h | Ao]/2. In
particular, Q(a) > Q(1/y/n) and Q(b) > Q(1/4/n), so it follows that either Q_;(a) > Q(1/4/n) or
Q_i(a—1) > Q(1/y/n) and either Q_;(b) > Q(1/y/n) or Q_;(b — 1) > Q(1/y/n). However, as a
PBD, Q_; is unimodal, and it follows that for every integer a < h <b—1, Q_;(h) > Q(1/y/n). Now,
consider an integer (k—1)a < h < (k—1)b with h Z0 (mod k — 1) We can write h = q(k—1) +r
for integers a < g < b—1and 1 <r <k — 1. Note that Pr[X; = r|B;] = 1/(k — 2), since we are
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conditioning on it not taking the values 0 or k — 1. Then Pr[X = h | B;] = Pr[Y_; = ¢ | B;|Pr[X; =
r | Bi) = (1)) 1/(k — 2) = (1/((k — 1)y).

For each 1 < i < n, Pr[B;] = (1—1/3n)""1-1/3n = Q(1/n). So, consider any integer (k—1)a <
h<(k—1)b.1fh %0 (mod k—1), Pr[X = h] > 30, Pr[X = hABj] = 20, Pr[X = h|B;]Pr[A] =
S 1/ ((k—1)y/n) - Q(1/n) = Q1/((k —1)y/n). When h =0 (mod k — 1), we showed earlier
using Ag that Q(m) This holds for (k —1)(a —b) > (k —1)(Q2y/n) — 1) = Q((k — 1)\/n)

consecutive integers. O

The proof of Theorem [5.14] using Assouad’s Lemma is now almost identical to that of Theorem

Proof of Theorem[5.14 Let P be the k-SIIRV defined in Let C be a constant large enough
that Proposition plies that all distributions Q with dry (P, Q) < 27" are k-SIIRVs.

By Lemma [5.15| there exists some ¢ > 0 and r = Q((k — 1)\/n) consecutive integers, an integer
m, 0 <m <mn, and a real value ¢ with ¢ > ¢ - r, such that for all 7, with m <+¢ < m + 2r, we have

, 2
P(Z)ZE.

Cn
> 2"

For n sufficiently large, we can assume that 2-¢" < ¢ and therefore Z
We are now ready to define our “hypercube” of k-SIIRVs. For b € { 1,1}", consider the
distribution Py, with

Po(7) ifi <m,i>m+2r, orbL( =-1

i—m)]|

Py (i) = { Po(i) = =— if b1, ., =1andiiseven
2
Po(i) + 25— ifbj1, ) =1 andiis odd
2
Note that Proposition yields that all these distributions are k-SIIRVs since
di (Pb, Py) < dry(Pp, Pg) =27 .

For 0 <i <r—1, the sets Aj11 = {m +2i,m+ 2i+ 1} define the partition of the domain. We can
now apply Assouad’s lemma to this instance.
For b € {—1,1}" we can write

2.270n
Z [Pyt (@) = Py (2)] = r :
€Ay

Similarly,

2
- Py (1) = Preo (1)
Z<\/Pb<e+) \/Pba - ) = Z (\/P:)((H)) \;(szé’ 1 )

=0 i=m—+26,m~+20+1

2
- Y (e
i=m+20,m+20+1 \/Pb<e + (1) + \/Plo<Z - (9)

—Cn
i=m—+26,m+20+1 2 \% 1/t
2—2Cn .c
BT
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where the first inequality uses the fact that

27Cn 2 1 _ 1
Pb(Z)ZPO(Z)* . 2;*¥Z¥a
for m <i <m+ 2k.
Therefore, the parameters in Assouad’s Lemma are
2.27Cn 2720 . ¢ 1
o= ra— V:T, and s:a

from which we obtain that that there is a Py, with

E[dry (H, Py)] > (ra/4) - (1 — y/257) =

Hence, for € = 27¢"=2_if the number of samples satisfies

r- 22077,

5 < 8i =L = 02Xk~ 1)vn) = O (/e)v/1og(176))
Y C

then E [dpy (H,Pa)] > €, completing the proof of the theorem. O
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Appendix
A Basic Facts from Probability

Definition A.1. Let u € R, 0 € R=. We let Z (i1, 02) denote the discretized normal distribution.
The definition of Z ~ Z(u,0?) is that we first draw a normal G ~ N(p,0?) and then we set
Z = |G]; i.e., G rounded to the nearest integer.

We begin by recalling some basic facts concerning total variation distance, starting with the “data
processing inequality for total variation distance”:

Proposition A.2 (Data Processing Inequality for Total Variation Distance). Let X, X' be two
random variables over a domain Q. Fix any (possibly randomized) function F on Q (which may be
viewed as a distribution over deterministic functions on Q) and let F(X) be the random variable
such that a draw from F(X) is obtained by drawing independently x from X and f from F and
then outputting f(z) (likewise for F(X')). Then we have dyy (F(X), F(X')) < dry (X, X').

Next we recall the subadditivity of total variation distance for independent random variables:

Proposition A.3. Let A, A', B, B’ be integer random variables such that (A, A") is independent of
(B, B/). Then dTv(A + B, A + B/) < dTv(A, A,) + dTv(B, B,).

We will use the following standard result which bounds the variation distance between two
normal distributions in terms of their means and variances:

2_,2
Proposition A.4. Let iy, 12 € R and 0 < 01 < 09 Then dry (N(u1,03), N(ug, 03)) < % (‘“%M' + 02721> )

g 0'1

B Lower Bounds on Matching Moments

We start by giving an explicit example of two PBDs over k + 1 variables that agree exactly on the
first £ moments and have total variation distance 2~%%)

Proposition B.1. Let P,Q € Sy12 be PBD’s with parameters p; = (1 + cos(kQﬂ))/2 and ¢; =

1+ 005(221‘*'1”))/2 respectively, where 1 < i < k+1. Then P and Q agree on their first k moments

and have dry (P, Q) > 47F.

Proof. Let X = Zfill X, where X; are independent Bernoulli variables, and suppose that X ~ P.
We note that, for m < k, the random variable X™ can be expressed as a degree m polynomial
in the X;’s. Therefore, the m-th moment of P is a degree m symmetric polynomial of the p;’s.
Similarly, the m-th moment of Q must be the same symmetric polynomial of the ¢;. Therefore,
to show that the first k& moments of P and Q agree, it suffices to show that the first k elementary
symmetric polynomials in the p; have the same values as the corresponding polynomials of the ¢;’s.

Note that the p; are the roots of Ty 1 (22 —1)—1 and that the ¢; are the roots of T11(2z—1)+1,
where Ty is the (k 4 1)-st Chebychev polynomial. Therefore, for m < k, the m-th elementary
symmetric polynomial in the p; is [z*T1=™](=1)"272*=1T}. (22 + 1) and the same holds for the
¢;- Thus, the first £ moments of P and Q agree. To bound the total variation distance from below
we observe that

k1
sz' =P(k+1) = [z (-1 27 N Ty (22 + 1) — 1),
i=1

and
k+1

[T =Qk+1) =@~ 2 N (Th g (20 + 1) + 1),
1=1
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Therefore, the probability that P = k + 1 and the probability that Q = k + 1 differ by 47%. This
implies the appropriate bound in their variational distance and completes the proof. O

We also show that matching moments does not suffice for the case of k-SIIRVs, even for k = 3:

Proposition B.2. Forn an even integer, there exist P,Q € S, /5 3 with disjoint supports such that
their first n — 1 moments agree.

Proof. We first show that there exist such P and Q with P supported on even numbers and Q
supported on odd numbers, so that

P(2j) = 27! (”)

2j
and
2+ 1) =2 " )
We begin by showing that P € S,, /5 3. Since Zj 2+l (2"]) = 1, we will show that the polynomial
P(z) = > 2l (Q"j)z2j factors as a product of n/2 quadratic polynomials with non-negative

coefficients. To prove this, we note that it suffices to show that all roots of P are pure imaginary;
then, the natural factorization into quadratics using complex conjugate pairs will complete the
argument. For this, we observe that P(z) = 27"((1 4+ 2)" + (1 — 2)™). Therefore, z is a root of P
only when |1 4 z| = |1 — z|, or when z is equidistant from 1 and —1, which happens only when the
real part of z is 0, i.e., when z is pure imaginary.

Similarly, we show that Q € S,,/53. Once again ) j 2l (23.’11) = 1, and so we merely need
to show that Q(z) = > PR (2j"+1)z2j+1 factors into quadratics with non-negative coefficients.
Since Q(z) = 27™((1 + 2)™ — (1 — 2)™), it also has only purely imaginary roots.

It remains to show that P and Q have identical first n — 1 moments. For this, it suffices to
show that P(z)*) (1) = Q(2)*)(1) for all 0 < k < n. Indeed, we have that

B0 - Q) =2 2o -2y = 2T

n!
D2k =1 =0

This completes the proof. O

C Omitted Proofs from Section

C.1 Bootstrapping Our Sampler The running time of the sampler described in Section
has an O(logn) dependence. In this subsection, we show that the dependence on n can be easily
removed, by dealing separately with the case that the variance is Q(poly(k/¢)). In particular, we
have the following algorithm, which is similar to the Learn-Heavy routine from [DDO™13].

Lemma C.1. There is an algorithm with the following performance guarantee: For any € > 0
and X € S, ) with Var[X]| = Q(poly(k/e)), the algorithm draws O(k/€%) samples from X, runs in
5(k2/62) time, and with high constant probability outputs a distribution cZ +Y, where 1 < ¢ < k,
Z is a discrete Gaussian, and Y is a c-IRV, with dyy(X,cZ +Y) <.

Proof. By Theorem there is a 1 < ¢ < k such that the discrete Gaussian Z’ with parameters
E[X]/c and Var[X]/c? and the ¢-IIRV Y’ := X (mod ¢') satisfy dry (X, Z' +Y') <e.

We start by guessing c. For each guess for ¢, we learn the appropriate Y and Z. Finally, we
run a tournament over the possible values of ¢. Fix 1 < ¢ < k. To learn Y, we first draw ©(c/e?)
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samples and let X’ be the resulting empirical distribution. Then, we take Y = X’ (mod ¢). To
learn Z, we take ©(1/€?) samples from X and calculate the empirical mean and variance, ji and
2. Then, we let Z be the distribution obtained by sampling from N (fi/c,52/c?) and rounding the
sample to the nearest integer.

Suppose that ¢ = ¢/. By standard facts, we have dry (Y, Y') = dpy (X’ (mod ¢), X (mod ¢))
¢/4 with high probability. Also, with high probability, we have (1 —¢/4)5? < Var[X] < (1+¢/4)5
and |[E[X] — 1| < ge/4. By a combination of Propositions and we have that dry(Z,7') <
3 ‘E?\;E[[ZZ]/” + |Var[€]a—r[\%r[z'}| < €/4. Thus, we have dry (Y + ¢Z,)Y' + ¢Z') < dry(Y,Y') +
drv(Z,Z") < €/2, and therefore dpy (X,Y +cZ) < dry(X,Y' +cZ') +drv (Y +cZ,Y' +c¢Z") <.

In summary, we have k different hypothesis distributions Y. + c¢Z., for each 1 < ¢ < k, one
of which is promised to satisfy dry (X, Y. + ¢Z;) < e. We can now run a standard tournament
procedure [DLO1, [DDS15|] that produces a hypothesis with dpy (X, Y. + ¢Z.) < O(e) with high
probability. This requires O(log k/€?) samples and can be easily done in O(k2/e2) time. O

o A

We thus obtain the following corollary:

Corollary C.2. For alln,k € Zy and € > 0, there is an algorithm with the following performance
guarantee: Let X € S, be an unknown k-SIIRV. The algorithm uses O(klog?(k/e)/€*) samples
from P, runs in time 5(k3/62), and with probability at least 9/10 outputs an e-sampler for X. This
e-sampler produces a single sample in time 5(14:)

Proof. First we take O(1) samples and estimate the variance of X. If the variance is Q(poly(k/¢)),
we use the algorithm given by Lemma to output a distribution ¢Z + Y, where 1 < c <k, 7 is
a discrete Gaussian and Y is a ¢-IRV, with dpy (X, cZ +Y) < e. Note that ¢Z +Y can be sampled
in time O(k).

If the variance is O(poly(k/€)), we use Learn-SIIRV. This produces a distribution H given by
its DFT modulo M = O(poly(k/e)) at O(klog(k/e)) points. By Theorem we can compute an
e-sampler which produces a single sample in time

O(log(M)log(M/e) - |S) = O(log?(k/e) - klog(k/e)).

C.2 A Bound on the 1/2-norm of k-SIIRVs
Lemma C.3. The 1/2-norm of a k-SIIRV P with variance o® is O(o + k).

Proof. Recall that |[P|ly/2 = (3, /P(i))?. Let p be the mean of X ~ P. By Cauchy-Schwartz, for

any S C [kn], we have ) .. ¢+/P(i) < y/P(S)-|S|. By Bernstein’s inequality, for any € > 0, it
holds Pr[|X — u| > (k + o) log(1/¢)] < e. Therefore, we can write

OGRS SEIVORD SEEENED Pl

lu—il<o+k m=0 (o+k)2m <|ji—i| <2+ (o+k)

<Vo+k+ Z Wo + k- 22 /Pr[|X — pu| > (0 + k)27]
m=0

o
Vot k+ Y 2Vo+ k- 2722 = 0(/o k).
m=0
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D Omitted Proofs from Section [3]
D.1 Proof of Lemma For convenience, we restate Lemma (3.2

Lemma Let P € S, ) be a k-SIIRV with Var[X] = V. For any 0 < § < 1/4, there ezists
Q € S, with dry(P,Q) = O(8V) such that all but O(k + V/6) of the k-IRV’s defining Q are
constant.

Proof. For a k-IRV A let m(A) be an index i so that Pr[A = ] is maximized. Let d(A) = Pr[A #
m(A)] be the probability A assigns to values in [k] \ {i}. Suppose that d(A) < 1/2. Then we have
that

d(A)/2 < (1/2) - Pr(A # A) < (1/2) - E[JA - A'PY) = Var[A] < E[|A - m(A)]’] < ¥ - d(A),

where A’ is an independent copy of A. The leftmost inequality follows from our assumption that
d(A) < 1/2. The proof of the lemma will make repeated applications of the following claim:

Claim D.1. Let A, B be independent k-IRV’s with m(A) = m(B) and d(A) +d(B) < 1/2. Then
there exist independent k-IRV’s C' and D, where D is a constant, d(C) = d(A) + d(B), and
dry(A+ B,C + D) = O(d(A)d(B)).

Proof. Let m(A) = m(B) = i. Let d(A) = 61,d(B) = d2. Let A’ be the random variable A
conditioned on A not equaling ¢, and B’ be the random variable B conditioned on it not equaling
i. Note that A is a mixture of ¢ and A’ and B a mixture of ¢ and B’. Furthermore A + B equals 2i
with probability (1—61)(1—0d2), i+ A" with probability d; (1 —d2), i+ B’ with probability (1 — d1)d2
and A’ + B’ with probability d10s.

Let D be the random variable that is deterministically ¢ and C' be the random variable that
equals ¢ with probability 1 — §; — d2, A’ with probability §;, and B’ with probability d2. Then
C + D equals 2i, i + A’, i + B’ and A’ + B’ with probabilities 1 — §; — da, d1, d2, and 0. These
probabilities are within an additive d1d2 of the corresponding probabilities for A+ B and therefore
dryv(A+ B,C + D) = O(6162). Note that C = i with probability 1 — 6; — d2, so d(C) = ;1 + 62,
which completes the proof. O

For a random variable X ~ P, we have that X = > | A; where the A;’s are independent
k-IRV’s. We iteratively modify P as follows: If two of the non-constant component k-IRV’s of P
are A and B, with m(A) = m(B) and d(A),d(B) < 0, then we replace the pair A and B with
the pair C and D as described by the above claim. Notice that every step reduces the number of
non-constant component variables, and therefore this process terminates, giving a k-SIIRV Q with
for Y ~Q, Y =5%",B.

By construction, for each 1 <14 < k, Q has at most one non-constant component variable with
m(Bj) =i and d(Bj) < 6. Claim implies the sum of the d’s of the component variables does
not increase in any iteration, and therefore

n

i: d(Bj) < En: d(4;) <2 Var[4;] = 2Var[X] =2V,
j=1 j=1 j=1

where the second inequality uses the aforementioned lower bound on the variance of a k-IRV. Hence,
the number of non-constant component variables in Q is at most k + 2V ¢§~ 1.

It remains to show that dty (P, Q) = O(6V). Let A, B and C, D be the k-IRV’s of Claim
Then dty (A + B,C + D) = O(d(A)d(B)) = O([d(C)? + d(D)? — [d(A)? + d(B)?]). That is, the
total variation distance error introduced by replacing A, B by C, D is at most a constant times the
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amount that the sum of the squares of the d’s of the component variables increases by. Repeated
application of this observation combined with the sub-additivity of total variation distance gives

dry(P,Q) =0 (Z?Zl d(Bj)* — > i d(Aj)2> . On the other hand, note that all of the B;’s that
are not also A; satisfy d(Bj) < 26. Therefore, we have that dry (P, Q) < O (Zj:d(Bj)gz(s d(Bj)2> =

0] (5 Zj d(Bj)) = O(dV) , which completes the proof. O

D.2 Proof of Lemma [3.5. For convenience, we restate Lemma [3.5

Lemma Fiz x € C with |#] = 1. Suppose that py,...,pm are roots of P(x) (listed with
appropriate multiplicity) which have |p; — x| < i Then, we have the following:

(i) [P(x)| <27m.

(ii) For the polynomial q(z) = P(x)/ ITi%, (z — pi), we have that |q(z)] < k™.

To prove our lemma, we will make essential use of the following simple lemma:

Lemma D.2. For any polynomial p(x) € Clx] of degree d where the sum of the absolute values of
the coefficients of p is at most 1, we have the following: Fiz z € C with |z| = 1. Suppose that p has
TOOLS p1, ..., Pm With |p; — z| < %d, forie{l,...,m}. Then, the following hold:

(1) lp(z)| <27,
(ii) for the polynomial q(x) = p(x)/ 1%, (x — pi) we have that |q(z)] < d™.
Proof. The lemma is proved by repeated applications of the following claim:

Claim D.3. Let p(z) € Clx] be a degree-d polynomial such that the sum of the absolute values of

the coefficients of p is at most 1. Let p be a root of p(x) and q(x) be the polynomial iL_x[)). Then,
the sum of the absolute values of the coefficients of q is at most d.

Proof. We write the coefficients of p(x) and ¢(z) as p(z) = Z?:o pix® and g(x) = Z?;ol ¢z, Since
p(z) = (x — p)g(x), for 1 <i < d—1, we have

Di = ¢i-1 — PG (10)

and similarly pg = g4—1, po = —pqo-

We consider two cases based on the magnitude of p. First, suppose that |p| < 1. Since g4—1 = pq
and, by , Gi—1 = pi + pgi, for 1 <i < d— 1, an easy induction gives that ¢; = Z?:Hlpjpi*i*l
for 0 <¢ < d— 1. Summing and taking absolute values gives:

d—1 d—1 d o d -1
Dolal < DD pilleP =D (el D lol)
i=0 i=0 j=i+1 i=1 §=0

IN

d d
Z Ipili < dz lpil <d.
i1 i1

Second, suppose |p| > 1. Then, ﬁ < 1. We have gy = —%po gnd by , forl <i<d-1,

qi = %(qi,l — pi). By an easy induction, for 0 <1i <d, ¢; = — Z;zo pjﬁ. Summing and taking
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absolute values gives:

d-1 d-1 i d-1
Z‘Qi‘ < ) ‘|p‘z = :Z ‘PZ\Z‘p,d =)
=0 =0 j=0
1 d-1
< pil(d—1-i)<d> |pi| <d.
=0 i=0

O]

By repeated applications of the claim it follows that the polynomial ¢(z) has the sum of the
absolute values of its coefficients at most d™. Since |z| = 1, it follows that |g(z)| < d™ which gives
(ii). To show (i) we note that

p(2)l = la(2)| - [] |2 = pil < la(2)]- (1/2d)™ <27
i=1

This completes the proof of Lemma O

Proof of Lemma[3.3. Note that P(z) is the degree n(k—1) polynomial defined by P(z) = Z?:(léfl) P(i)z'.
Note that the sum of the absolute values of P’s coefficients is 1. However, to apply Lemma
directly to P we would need the roots to be at distance at most m

Note that P(z) factors as [T, pi(x), where p;i(z) = E[z] is a degree k — 1 polynomial
that is determined by the i-th k-IRV. It is clear that the coefficients of p;(z) are non-negative
and sum to 1, hence we may apply Lemma |D.2] m to pi(x). Suppose that pi(z) has m; roots with
|pi — x| < 5. Lemma ( ) implies that |p;(x)| < 27™. Since P(z) =[]}, pi(x), this yields part
(i) of Lemma

Lemma (ii) implies that the polynomial ¢;(z) = pi(z)/[[cq,(x — pj), for S; € {1,....m}
with |S;| = m,, satisfies |¢;(z)| < k™. Note that ¢(x) = H?Zl ¢i(x). Therefore, |q(x)] < [[, k™ =
k™, giving part (ii) of Lemma O

D.3 Proper Cover Construction for the High Variance Case. Exhausting over the £ — 1
possible values of ¢, we can assume that ¢ is known to the algorithm. Before proceeding further,
we will need further structural information about the £-SITRVs in this case. We start with the
following simple lemma giving an upper bound on the total variation distance between two high
variance k-SIIRVs:

Lemma D.4. Fore >0, let X, X' be k-SIIRVs with Var[X], Var[X'] > poly(k/e) for a sufficiently
large poly(k/€) that have dry(X,Y + ¢Z) < € and dry (X', Y' + ¢Z') < € for c-IRVs Y,Y' and
discrete Gaussians Z,7', with E[X] = cE[Z], Var[X] = ¢?Var[Z], E[X'] = cE[Z’] and Var[X'] =
c*Var[Z']. Then we have that

/ / E E[X' Var|X| — Var[X'
dTV(X,X)glle—i—dTV(X (mod ¢), X (modC))‘Fl| X ]Var[[] : ;| [\/]'ar[X][ :

where X (mod c) is the c-IRV with Pr[X (mod ¢) =i] = Pr[X =i (mod c)] fori € [].
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Proof. Using Proposition since dpy(X,Y +¢Z) < e with Y = Y + ¢Z (mod ¢), we have
dry (X (mod ¢),Y) < e. Similarly, dpy (X' (mod ¢),Y’) < e. By a combination of Proposi-
. 1 E[Z]-E[Z' Var[Z]|—Var[Z' .
tions|A.2 and |A.4] we have that dry (2, Z') < 1 (' [\/]Varﬁ” + ferlZed ”). Since E[X] = cE[Z],
Var[X] = ¢?Var[Z], E[X'] = cE[Z’] and Var[X'] = ¢*Var[Z] it follows that
|E[Z] —E[Z"]]  |Var[Z] — Var[Z']| [E[X]—E[X']] [Var[X]— Var[X]|
Var[Z] Var|[Z] Var[X] Var[X]

Therefore,

dry (Y +¢Z,Y' + cZ') drv (Y, Y') +drv(Z,2Z')

2¢ +dpy (X (mod ¢), X’ (mod c)) +
1 ([E[X] - E[X']| | [Var[X]— Var[X]|
2 Va,r[X] Var[X] '

IAINA

By another application of the triangle inequality, we have that dpy (X, X') < dpy(X,Y 4+ ¢Z) +
dry(Y +c¢Z,)Y' + cZ") + dry (Y + ¢Z', X") < 2¢ + dry (Y + ¢Z,Y' + ¢Z), which completes the
proof. ]

To use the above lemma, we need a way to characterize the constant ¢ in the statement of
Theorem namely to show that the theorem applies to both X and X’ for the same value of
c. For a k-IRV A, let m(A) be an index i so that Pr[A = 4] is maximized. The following result is
implicit in the proof of Theorem in [DDO™13| (in particular, in Theorem 4.3 of that paper):

Lemma D.5 ([DDOT13]). Given a k-SIIRV X = """ | X; with Var[X] > poly(k/e), let H be the
set of integers b such that Y Pr[X; — m(X;) = ] > O(k"/€?) and ¢ = ged(H). Then there is a
c-IRV'Y and a discrete Gaussian Z with dry (X,Y +cZ) <e.

Let X € S, be a k-SIIRV with Var[X] > poly(k/e) as in Case 2 of Theorem Our main
claim is that, up to € error in total variation distance, we can assume that X has a special structure.
In particular, we can take all but one of the component IRVs of X to be constant modulo ¢, with the
last one being a ¢-IRV. More formally, we claim that there is a k-SIIRV X’ with dpy (X, X') <,
such that X' =>"" | X/ with

e For 1 <i < H, where H = O(k"/e?), X! is either 0 or ¢ each with equal probability.
e For1 <i<n-—1, X{ is constant modulo c.
e X/ isa cIRV.

where c is as in Lemma [D.5]

We can construct such an X’ from X as follows. For 1 <14 < H, we replace X; with the X/ above
that is 0 or ¢ with equal probability. For H +1 < i < n — 1, we replace each X; by X; conditioned
on the event that X; (mod ¢) = m(X;) (mod ¢). Finally we take X/, to be (X —>.""' X/) (mod ¢)
noting that 37"} X/ (mod ¢) is a constant.

We now show that the above procedure only changes the expectation and variance by |E[X] —
E[X']| < poly(k/e) and |Var[X] — Var[X']| < poly(k/e). Note that for two arbitrary k-IRVs, A and
B, we have that |E[A] — E[B]| < k and |Var[A] — Var[B]| < k2. Thus,

H H

E[Xn + 3 Xi] - E[X}, + 3 X]| < (H + 1)k < poly(k/e)
i=1 i=1
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and

H H
[Var[X,, + 3 X;] — Var[X] + 3 X/]| < (H + 1)k* < poly(k/e).

i=1 i=1
For the remaining variables H+1 < i < n—1, we have dry (X;, X}) < Pr[X; —m(X;) Z 0 (mod c)]
and so |E[X;]-E[X]]] < kPr[X;—m(X;) £ 0 (mod c)] and |Var[X;]—Var[X/]| < k? Pr[X;—m(X;) #
0 (mod c)]. For each integer 0 < b < k — 1 that does not divide ¢, by Lemma we must have
that b ¢ H and hence > 1 Pr[X; — m(X;) = b] = O(k"/e?). Thus, Y i, Pr[X; — m(X;) # 0
(mod c)] = O(k®/€?).

If Var[X] is a sufficiently large poly(k/e€), then Var[X'] is large enough that we can apply
Theorem[3.1]and Lemmal[D.5to X”. Note that 37, Pr[|X—m(X])| = ¢] > | Pr[|X]—m(X])| =
¢] = H/2. We thus have that either ¢ € H or —c¢ € H. Since for b that does not divide ¢, we have
Yo Pr[X! — m(X]) = b] = Pr[X], —m(X]) =b] <1 and thus b ¢ (H), we have that ged(H) = c.
Thus, for X with sufficiently large poly(k/e) variance, we have that dpy (X,Y + ¢Z) < ¢/10 and
dry (X' Y' 4+ ¢Z') < €/10 for the same 1 < ¢ < k — 1 and ¢IRVs Y,Y” and discrete Gaussians
Z,Z'. In conclusion, we can apply Lemma[D.4|to X and X’. We have that X’ (mod ¢) = X}, = X
(mod ¢). We have shown that E[X] — E[X'] < poly(k/e) and Var[X] — Var[X'] < poly(1/e). If
Var[X] is a sufficiently large poly(k/e) then we can make the contributions of each of these to
drv (X, X') in Lemma [D.4] smaller than €/10. Then we have dpv (X, X’) <.

Since every k-SIIRV X in Case 2 is e-close to an X’ of the aforementioned form, to compute a
proper cover for this case, we can consider only k-SIIRVs of the form stated above. By a similar
argument as above, our cover only needs to ensure that the triple of X (mod c¢), E[X], Var[X] is
sufficiently close to any such triple achievable by an element of S,, ;. of this form. Obtaining a cover
of X (mod c) is easy, as we only need to deal with the single term X, that is non-constant modulo
¢, and produce a cover for ¢-IRVs. Indeed, it is straightforward to produce such a cover of size
O(k/e)k.

As explained in Section we have an explicit cover for the discrete Gaussian random variables
that can appear in this setting. However, we are left with the difficulty of producing an explicit
k-SIIRV approximating one of these ¢ times a discrete Gaussian whenever such an approximation
is possible. Fortunately, we note that we only need to be able to approximately match the mean
and the variance. Note that as above, the H = poly(k/e) components that we are requiring to be
either 0 or ¢, and the one that is a ¢-IRV can be assumed to have negligible effect on the final mean
and variance if we had a sufficiently large poly(k/e) threshold for the variance.

Let C be the largest multiple of ¢ that is at most kK — 1. Let S, 1 . be the set of k-SIIRVs on
n components all of which are constant modulo ¢. For a given o > poly(k/e) and pu we need to
determine whether or not there is an element of S,, ;. . whose mean and variance match p and o to
within eo, and if so to produce one. To do this, we first need a couple of observations about which
u, o are attainable.

Observation D.6. For P € S, 1., Varx.p[X] < nC?/4.

Proof. This is because any k-IRV that is constant modulo ¢ has a distance of at most C' between
its minimum and maximum values, and thus has variance at most C2/4. O

Observation D.7. For P € S, . and X ~ P, if E[X] < nC/2, then Var[X] < CE[X]|—E[X]?/n.

Proof. We note that in the range in question the quantity CE[X] — E[X]?/n is increasing in E[X],
and therefore, we may show that for any given achievable variance the minimum possible expecta-
tion satisfies this inequality. Note that for the minimum achievable expectation, we may assume
that each of the component IRVs is deterministically 0 modulo ¢, since otherwise we could subtract
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a constant from it, which would decrease the expectation and leave the variance unchanged. The
observation now follows given that for any k-IRV, Y that has Pr[Y (mod ¢) = 0] = 1 it holds
Var[Y] = E[Y?] — E[Y]? < CE[Y] — E[Y]? O

Observation D.8. For P € S, ;. and X ~ P, if E[X] > n(k — 1) — nC/2, then Var[X]| <
C(n(k —1) —E[X]) — (n(k — 1) — E[X])?/n.

Proof. This follows from the previous observation by considering the random variable n(k — 1) —
X. O

We now claim that any pair of expectation and variance i and o2 not disallowed by the above
observations may be approximated by an explicitly computable element of S, .. Note that, by
symmetry, we may assume that pu < n(k —1)/2. If u > 202 /C, we may make |402/C?| < n of our
IRVs either z; or z;+C with equal probability for some integers 0 < x; < k—1 and all other X; with
H+1<i<n-—1 constant. By adjusting the x;’s and the constants, we can make the expectation
of X satisfy |[E[X]— u| < 1 so long as u > 202/C, and the variance Var[X] = C?|402/C?] satisfies
[Var[X] — 02| < 1.

Otherwise, if u < 202/C, let 0® = Cp - g with 1 > ¢ > 1/2. We then use a sum of k-IRVs that
are 0 with probability ¢ and C' with probability 1 — ¢, and some k-IRVs that are deterministically
0. If we have a many IRVs of the first type, then we get a mean and variance of E[X]| = a(1 — q)C
and Var[X] = aq(1—q)C. Letting a be approximately Var[X]/(q(1 —q)C) completes the argument.
We simply need to verify that in this case a < n i.e., that 02/(q(1 — q)C) < n. Indeed, note that

Var[X] CE[X]?

VerlX I = 9 = R X7/ (CEIT) (1 - (Var[XT/(CEX]))C ~ CEIX] — Var[X]

<n

by Observation [D.7] This shows that given a discrete Gaussian, Z so that ¢Z approximates some
element of Sy, 1. ., we can efficiently find such an element. In Section we gave an appropriately
small cover of the set of such Gaussians, which consists of a grid of means and variances of size O(n).
It is easy to construct such a grid and by the above, we can construct an X with |[E[X] — cu| <
poly(k/e) and |Var[X] — c?0?| < poly(k/e) for each p,o? in the grid that is not disallowed by
our observations. Thus, we can efficiently find a cover of the elements of S, , satisfying Case 2 of
Theorem [3.1]
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