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Logistics

•Announcements: 
•HW2 due next Tuesday at midnight

•Class roadmap:
Tuesday Sept. 27 Regression I

Thursday Sept. 29 Regression II

Tuesday, Oct. 4 Naive Bayes

Thursday, Oct. 6 Neural Networks I

Tuesday, Oct. 11 Neural Networks II

Supervised Learning



Outline

•Evaluation: Metrics
• Confusion matrices, ROC curves, precision/recall
•Linear Regression
•Setup, normal equations, GD-based solution
•Logistic Regression
• Linear classification, maximum likelihood estimation,  
setup, comparisons
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Confusion Matrices: 2-Class Version

accuracy =     TP + TN
TP+FP+FN+TN

true positives
(TP)

true negatives
(TN)

false positives
(FP)

false negatives
(FN)

positive

negative

positive negative

predicted
class

actual class

error =1− accuracy =     FP + FN
TP+FP+FN+TN



Accuracy: Sufficient?

Accuracy may not be useful measure in cases where
• There is a large class skew
• Is 98% accuracy good when 97% of the instances are negative?

• There are differential misclassification costs – say, getting a positive wrong 
costs more than getting a negative wrong
• Consider a medical domain in which a false positive results in an extraneous test but a false 

negative results in a failure to treat a disease

•We are most interested in a subset of high-confidence predictions



Other Metrics

true positive rate (recall)  =   TP
actual  pos

  =   TP
TP + FN

true positives
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true negatives
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false positives
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false negatives
(FN)

positive

negative

positive negative

predicted
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false positive rate  =   FP
actual  neg

  =   FP
TN + FP



•Want: high true positive rate, low false positive rate.

•Say our classifier has a threshold that we can tune
•Outputs a value. We vote + if beyond threshold
•Tune very high: no false positives. But, low recall
•Tune very low: good recall. But, high false positives
• Balance?

True Positives vs. False Positives

true positive rate (recall)  =   TP
actual  pos

  =   TP
TP + FN

false positive rate  =   FP
actual  neg

  =   FP
TN + FP



Other Metrics: ROC Curves

•A Receiver Operating Characteristic (ROC) curve plots the TP-
rate vs. the FP-rate as a threshold on the confidence of an 
instance being positive is varied
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Different methods can 
work better in 
different parts of ROC 
space.  



ROC Curves: Plotting
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ROC Curves: Misclassification Cost

•The best operating point depends on relative cost of FN and 
FP misclassifications

best operating point when
FN costs 10× FP

best operating point when
cost of misclassifying positives and 
negatives is equal

best operating point when
FP costs 10× FN



Other Metrics: Precision

recall (TP rate)  =   TP
actual  pos

  =   TP
TP + FN

true positives
(TP)

true negatives
(TN)

false positives
(FP)

false negatives
(FN)

positive

negative

positive negative

predicted
class

actual class

precision (positive predictive value)  =   TP
predicted  pos

  =   TP
TP+FP



Other Metrics: Precision/Recall Curve

•A precision/recall curve (TP-rate): threshold on the 
confidence of an instance being positive is varied

default precision
determined by the
fraction of instances
that are positive
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figure from Kawaler et al., Proc. of AMIA Annual Symposium, 2012 
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Both
• Allow predictive performance to be assessed at various levels of confidence
• Assume binary classification tasks
• Sometimes summarized by calculating area under the curve

ROC curves
• Insensitive to changes in class distribution (ROC curve does not change if the 

proportion of positive and negative instances in the test set are varied)
• Can identify optimal classification thresholds for tasks with differential 

misclassification costs

Precision/recall curves
• Show the fraction of predictions that are false positives
• Well suited for tasks with lots of negative instances

ROC vs. PR curves



Confidence Intervals 

•Back to looking at accuracy on new data.
•Scenario:
• For some model h, a test set S with n samples 
•We have h producing r errors out of n.
•Our estimate of the error rate: errorS(h) = r/n

•With C% probability, true error is in interval 

• zC depends on C. For 95% confidence, it is ~1.96

errorS (h)± zC
errorS (h)(1− errorS (h))

n



Break & Quiz



Q3-2: Which two extreme points show the best performance and the worst performance 
respectively on the ROC curve?

1. (1, 1), (0, 0)
2. (0, 1), (1, 0)
3. (1, 0), (0, 1)
4. (0, 1), (1, 1)



Q3-2: Which two extreme points show the best performance and the worst performance 
respectively on the ROC curve?

1. (1, 1), (0, 0)
2. (0, 1), (1, 0)
3. (1, 0), (0, 1)
4. (0, 1), (1, 1)

A ROC curve plots the TP-rate vs. the FP-rate, so usually the x-axis 
is for FP-rate and y-axis is for TP.-rate When TP-rate = 1 and FP-rate 
= 0, all instances are correctly classified thus achieving the best 
result. When TP-rate = 0 and FP-rate = 1, all instances are wrongly 
classified thus achieving the worst result.
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Linear Regression: Setup

•Training/learning: given 

•Find                                                           that minimizes  

{(x(1), y(1)), (x(2), y(2)), . . . , (x(m), y(m))}

<latexit sha1_base64="x8feO+qWXWmBKBJflFiHP+cZRb8=">AAACMXicbZDLSsNAFIYnXmu9VV26GWyFFkpJiqLLopsuK9gLNLFMJtN26OTCzEQMIa/kxjcRN10o4taXcJqmoK0HBj7+/xzOnN8OGBVS16fa2vrG5tZ2bie/u7d/cFg4Ou4IP+SYtLHPfN6zkSCMeqQtqWSkF3CCXJuRrj25nfndR8IF9b17GQXEctHIo0OKkVTSoNAsmXH56SEuG5WkCqM5VKow1eoLrZ5qJnN8KTLPXXgKKmZSGhSKek1PC66CkUERZNUaFF5Nx8ehSzyJGRKib+iBtGLEJcWMJHkzFCRAeIJGpK/QQy4RVpxenMBzpThw6HP1PAlT9fdEjFwhItdWnS6SY7HszcT/vH4oh9dWTL0glMTD80XDkEHpw1l80KGcYMkiBQhzqv4K8RhxhKUKOa9CMJZPXoVOvWZc1C7v6sXGTRZHDpyCM1AGBrgCDdAELdAGGDyDN/AOPrQXbap9al/z1jUtmzkBf0r7/gGi66UT</latexit>

`(f✓) =
1

n

nX

j=1

(f✓(x
(j))� y(j))2

<latexit sha1_base64="EOOGIiObnB0KY5hglQa3f2PYt9c="></latexit>

Loss function (how far are we)?

Hypothesis Class

Note: set x0 = 1

f✓(x) = ✓Tx =
P

i=0 ✓ixi

<latexit sha1_base64="cmLksdz0f1IQ+w4cwrLYU4zoVeI=">AAACHnicbZDLTgIxFIY7eEO8oS7dNIIJbsgMkeiGhOjGJSbcEsBJp3SgoXNJe8ZAJjyJG1/FjQuNMXGlb2OBWSj4J02+/uectOd3QsEVmOa3kVpb39jcSm9ndnb39g+yh0dNFUSSsgYNRCDbDlFMcJ81gINg7VAy4jmCtZzRzazeemBS8cCvwyRkPY8MfO5ySkBbdracd+24C0MGZFoYn+MKXlzu6+MZq8izY14xp4ltczy2ed7O5syiORdeBSuBHEpUs7Of3X5AI4/5QAVRqmOZIfRiIoFTwaaZbqRYSOiIDFhHo088pnrxfL0pPtNOH7uB1McHPHd/T8TEU2riObrTIzBUy7WZ+V+tE4F71Yu5H0bAfLp4yI0EhgDPssJ9LhkFMdFAqOT6r5gOiSQUdKIZHYK1vPIqNEtF66JYvivlqtdJHGl0gk5RAVnoElXRLaqhBqLoET2jV/RmPBkvxrvxsWhNGcnMMfoj4+sHB9ehMQ==</latexit>



Linear Regression: Notation

•Matrix notation: set X to have jth row be 

•And y to be the vector 

•Can re-write the loss function as 

(x(j))T

<latexit sha1_base64="464wQhTaU1SFxpaKoP8SOJ/iaq4=">AAAB+HicbVDLTsJAFL31ifig6tJNIzWBDWmJRpdENy4x4ZVAIdNhCiPTaTMzNWLDl7hxoTFu/RR3/o3DY6HgSW5ycs69ufceP2ZUKsf5NtbWNza3tjM72d29/YOceXjUkFEiMKnjiEWi5SNJGOWkrqhipBULgkKfkaY/upn6zQciJI14TY1j4oVowGlAMVJa6pk52y48dtPCfXFS7NZsu2fmnZIzg7VK3AXJwwLVnvnV6Uc4CQlXmCEp264TKy9FQlHMyCTbSSSJER6hAWlrylFIpJfODp9YZ1rpW0EkdHFlzdTfEykKpRyHvu4MkRrKZW8q/ue1ExVceSnlcaIIx/NFQcIsFVnTFKw+FQQrNtYEYUH1rRYeIoGw0llldQju8surpFEuueeli7tyvnK9iCMDJ3AKBXDhEipwC1WoA4YEnuEV3own48V4Nz7mrWvGYuYY/sD4/AEHFZFj</latexit>

[y(1), . . . , y(n)]T

<latexit sha1_base64="WEwDARH2GFteDM4oZPU8Hl4fx+8=">AAACCXicbVDLSsNAFJ34rPUVdelmsBVaKCUpii6LblxW6AvStEymk3boZBJmJkIJ2brxV9y4UMStf+DOv3HSdqGtBy4czrmXe+/xIkalsqxvY219Y3NrO7eT393bPzg0j47bMowFJi0cslB0PSQJo5y0FFWMdCNBUOAx0vEmt5nfeSBC0pA31TQiboBGnPoUI6WlgQmLRWfaT0p2Oa3AHhuGSlZgJvBy6vabxeLALFhVawa4SuwFKYAFGgPzqzcMcRwQrjBDUjq2FSk3QUJRzEia78WSRAhP0Ig4mnIUEOkms09SeK6VIfRDoYsrOFN/TyQokHIaeLozQGosl71M/M9zYuVfuwnlUawIx/NFfsygCmEWCxxSQbBiU00QFlTfCvEYCYSVDi+vQ7CXX14l7VrVvqhe3tcK9ZtFHDlwCs5ACdjgCtTBHWiAFsDgETyDV/BmPBkvxrvxMW9dMxYzJ+APjM8f1WKX5A==</latexit>

`(f✓) =
1

n

nX

j=1

(f✓(x
(j))� y(j))2 =

1

n
kX✓ � yk22

<latexit sha1_base64="LPD8aPHF7XgVtTgyGHKoUK8+uPY="></latexit>



Linear Regression: Optimizing

•Set gradient to 0 w.r.t. the weight,

r`(f✓) = r 1

n
kX✓ � yk22 = 0

<latexit sha1_base64="zrHEK9A7J7JEiSvbbO/rqqo7edo="></latexit>

=) r[(X✓ � y)T (X✓ � y)] = 0

<latexit sha1_base64="U9Shbnchxa6XG7XOxxDGC0GR/BM="></latexit>

=) r[✓TXTX✓ � 2✓TXT y + yT y] = 0

<latexit sha1_base64="oBZokV+nez4q3vQ8ZqOk3MPC6ng="></latexit>

=) ✓ = (XTX)�1XT y

<latexit sha1_base64="ewPOmmTrZZP9U9H8W6XbP6uEtfE=">AAACDnicbZDJSgNBEIZ7XGPcoh69NCaBeDDMBEUvQtCLxwjZIBs9nUrSpGehu0YIQ57Ai6/ixYMiXj17823sLAdN/KHh468qqut3Qyk02va3tbK6tr6xmdhKbu/s7u2nDg6rOogUhwoPZKDqLtMghQ8VFCihHipgniuh5g5vJ/XaAygtAr+MoxBaHuv7oic4Q2N1UtlMpik8swk0beIAkNFrmqu3y/XTdnzmjA2NMplOKm3n7anoMjhzSJO5Sp3UV7Mb8MgDH7lkWjccO8RWzBQKLmGcbEYaQsaHrA8Ngz7zQLfi6TljmjVOl/YCZZ6PdOr+noiZp/XIc02nx3CgF2sT879aI8LeVSsWfhgh+Hy2qBdJigGdZEO7QgFHOTLAuBLmr5QPmGIcTYJJE4KzePIyVAt55zx/cV9IF2/mcSTIMTkhOeKQS1Ikd6REKoSTR/JMXsmb9WS9WO/Wx6x1xZrPHJE/sj5/ALIAmfs=</latexit>

(assume 𝑿𝑻𝑿 is invertible)

=) 2XTX✓ � 2XT y = 0

<latexit sha1_base64="sRUtL9ljDI9rndLPqwrbgeYefww=">AAACDHicbVDJSgNBEO1xjXGLevTSmAheDDNB0YsQ9OIxQjbIjKGnU0ma9Cx01whhyAd48Ve8eFDEqx/gzb+xsxw08UHDq/eqqK7nx1JotO1va2l5ZXVtPbOR3dza3tnN7e3XdZQoDjUeyUg1faZBihBqKFBCM1bAAl9Cwx/cjP3GAygtorCKwxi8gPVC0RWcoZHauXyh4IrAbAJNS837atPFPiCjp5NqeEXtQsF02UV7ArpInBnJkxkq7dyX24l4EkCIXDKtW44do5cyhYJLGGXdREPM+ID1oGVoyALQXjo5ZkSPjdKh3UiZFyKdqL8nUhZoPQx80xkw7Ot5byz+57US7F56qQjjBCHk00XdRFKM6DgZ2hEKOMqhIYwrYf5KeZ8pxtHklzUhOPMnL5J6qeicFc/vSvny9SyODDkkR+SEOOSClMktqZAa4eSRPJNX8mY9WS/Wu/UxbV2yZjMH5A+szx+UV5jD</latexit>



Linear Regression: Minimizer

•Let’s study this solution algebraically

• If 𝑋 is invertible, just solve 𝑋θ = 𝑦 and get θ= 𝑋"#𝑦
•But typically 𝑋 is a tall matrix

𝑋

θ
=
𝑦

𝑋!𝑋 θ
=
𝑋!𝑦

Normal equation: θ = 𝑋!𝑋 "#𝑋!𝑦



Regularizing: Ridge Regression

•Same setup, new loss:

•Conveniently, still have a closed form solution

•Goal: Prevent large weights

`(f✓) =
1

n

nX

j=1

(f✓(x
(j))� y(j))2 + �k✓k22

<latexit sha1_base64="QGPpP4m7q4ZrWWURqH8Sz9avgVI="></latexit>

✓ = (XTX + �nI)�1XT y

<latexit sha1_base64="vdHasMvS9Tz1pmcD/0x+07X0bJg=">AAACFHicbVDLSgMxFM3UV62vUZdugq1QKZaZouhGKLrRXYW+oC8yadqGZjJDckcoQz/Cjb/ixoUibl24829MHwutHggczrmHm3u8UHANjvNlJZaWV1bXkuupjc2t7R17d6+qg0hRVqGBCFTdI5oJLlkFOAhWDxUjvidYzRteT/zaPVOaB7IMo5C1fNKXvMcpASN17Fwm04QBA4IvcbbeLtdxDjeFyXcJlvj2uB2fuGNsjFEm07HTTt6ZAv8l7pyk0Ryljv3Z7AY08pkEKojWDdcJoRUTBZwKNk41I81CQoekzxqGSuIz3YqnR43xkVG6uBco8yTgqfozERNf65HvmUmfwEAvehPxP68RQe+iFXMZRsAknS3qRQJDgCcN4S5XjIIYGUKo4uavmA6IIhRMjylTgrt48l9SLeTd0/zZXSFdvJrXkUQH6BBlkYvOURHdoBKqIIoe0BN6Qa/Wo/VsvVnvs9GENc/so1+wPr4B+9WbBw==</latexit>

Regularization 
parameter



Regularizing: Lasso

•Another type of regularization:

•Goal: encourage sparsity (compare to l2 norm). Regularization 
parameter

`(f✓) =
1

n

nX

j=1

(f✓(x
(j))� y(j))2 + �k✓k1

<latexit sha1_base64="VIvRxUhPmrSGggpoBLQwspj2GoI="></latexit>



Evaluation: Metrics

•MSE/RMSE (mean-square error + root version)
•MAE (mean average error)
•R-squared (more on this next)
•Usually, compute on training data… (but should do cross 
validation!)
• Fixed-design LR
•Random-design LR



R-squared

•Several ways to define it, one way:

• Intuition: how much of the variance in y is predictable by x

R2 = 1�
P

j(y
(j) � f✓(x(j)))2

P
j(y

(j) � ȳ)2

<latexit sha1_base64="6GJc0BKvj9yVXZVQpdBc6cQSbZQ="></latexit>

Empirical mean of labels



Iterative Methods: Gradient Descent

•What if there’s no closed-form solution?
•Use an iterative approach. Goal: get closer to solution.

•Gradient descent.
• Suppose we’re computing 
• Start at some

• Iteratively compute

• Stop after some # of steps

min
✓

g(✓)

<latexit sha1_base64="IOnIHh9YG252jEpdlF8wnQfePoE=">AAACBHicbZC7SgNBFIZn4y3G26plmsFEiE3YDYqWQRvLCOYC2SXMTibJkNnZZeasEJYUNr6KjYUitj6EnW/jJNlCE38Y+PjPOZw5fxALrsFxvq3c2vrG5lZ+u7Czu7d/YB8etXSUKMqaNBKR6gREM8ElawIHwTqxYiQMBGsH45tZvf3AlOaRvIdJzPyQDCUfcErAWD27WC57IZe91IMRAzLFw8qCzsrlnl1yqs5ceBXcDEooU6Nnf3n9iCYhk0AF0brrOjH4KVHAqWDTgpdoFhM6JkPWNShJyLSfzo+Y4lPj9PEgUuZJwHP390RKQq0nYWA6QwIjvVybmf/VugkMrvyUyzgBJuli0SARGCI8SwT3uWIUxMQAoYqbv2I6IopQMLkVTAju8smr0KpV3fPqxV2tVL/O4sijIjpBFeSiS1RHt6iBmoiiR/SMXtGb9WS9WO/Wx6I1Z2Uzx+iPrM8f9FqXAg==</latexit>

✓0

<latexit sha1_base64="MDG5PPhD1Jc6kxzGAahRS5Ix8tg=">AAAB83icbVBNS8NAEN3Ur1q/qh69BBvBU0mKoseiF48VbC00oWy2k3bpZhN2J0IJ/RtePCji1T/jzX/jts1BWx8MPN6bYWZemAqu0XW/rdLa+sbmVnm7srO7t39QPTzq6CRTDNosEYnqhlSD4BLayFFAN1VA41DAYzi+nfmPT6A0T+QDTlIIYjqUPOKMopF8x/FxBEj7ruP0qzW37s5hrxKvIDVSoNWvfvmDhGUxSGSCat3z3BSDnCrkTMC04mcaUsrGdAg9QyWNQQf5/OapfWaUgR0lypREe67+nshprPUkDk1nTHGkl72Z+J/XyzC6DnIu0wxBssWiKBM2JvYsAHvAFTAUE0MoU9zcarMRVZShialiQvCWX14lnUbdu6hf3jdqzZsijjI5IafknHjkijTJHWmRNmEkJc/klbxZmfVivVsfi9aSVcwckz+wPn8ARSeQiQ==</latexit>

✓t+1 = ✓t � ↵rg(✓t)

<latexit sha1_base64="cH+fN6H9WKz+kXffI9Cb0sqOrk4=">AAACIHicbVBNSwMxEM3W7/pV9egl2AoVseyKoheh6MVjBatCt5TZNG2D2eySzApl6U/x4l/x4kERvemvMa0raOuDgZf3ZsjMC2IpDLruh5Obmp6ZnZtfyC8uLa+sFtbWr0yUaMbrLJKRvgnAcCkUr6NAyW9izSEMJL8Obs+G/vUd10ZE6hL7MW+G0FWiIxiglVqFo1LJxx5HaKW46w3oCc2eSPeoDzLuAfUVBBJot/xj7ZRKrULRrbgj0EniZaRIMtRahXe/HbEk5AqZBGManhtjMwWNgkk+yPuJ4TGwW+jyhqUKQm6a6ejAAd22Spt2Im1LIR2pvydSCI3ph4HtDAF7Ztwbiv95jQQ7x81UqDhBrtj3R51EUozoMC3aFpozlH1LgGlhd6WsBxoY2kzzNgRv/ORJcrVf8Q4qhxf7xeppFsc82SRbpEw8ckSq5JzUSJ0wck8eyTN5cR6cJ+fVeftuzTnZzAb5A+fzCzhooSg=</latexit>

Learning 
rate/step size



Gradient Descent: Illustration

•Goal: steps get closer to minimizer

•Some notes:
• Step size can be fixed or a function

•Under certain conditions, will converge 
to global minimum
• Need convexity for this

Wikipedia
Level Sets



Gradient Descent: Linear Regression

•Back to our linear regression problem. 

•Want to find 

•What’s our gradient?

• So, plugging in , we get  

min
✓

`(f✓) = min
✓

1

n
kX✓ � yk22

<latexit sha1_base64="/VhqsfIPGgs8Ymja96IRczhoqP8="></latexit>

r`(f✓) =
1

n
(2XTX✓ � 2XT y)

<latexit sha1_base64="RTBEkpxrzPBKO11OWRKARFsbxhA="></latexit>

✓t+1 = ✓t � ↵
1

n
(2XTX✓t � 2XT y)

<latexit sha1_base64="kh/eUcHyKbn/FQHiK4rqkWNZREU="></latexit>



Linear Regression: Normal Equations vs GD

•Let’s compare computation costs.
•Normal Equations
•Check dimensions

•Cost: (i) invert matrix, Θ(d3). (ii) multiplication, Θ(d2n).
•Total: Θ(d2n+ d3).

✓ = (XTX)�1XT y

<latexit sha1_base64="gYBEnnI4Bbg/LXcDe7teOB8DpMw=">AAACBnicbZDLSgMxFIYz9VbrbdSlCMFWqAvLTFF0IxTduKzQG/RGJk3b0ExmSM4Iw9CVG1/FjQtF3PoM7nwb08tCqz8EPv5zDifn90LBNTjOl5VaWl5ZXUuvZzY2t7Z37N29mg4iRVmVBiJQDY9oJrhkVeAgWCNUjPieYHVvdDOp1++Z0jyQFYhD1vbJQPI+pwSM1bUPczncgiEDgq9wvtGpNE46yak7NhTncl076xScqfBfcOeQRXOVu/ZnqxfQyGcSqCBaN10nhHZCFHAq2DjTijQLCR2RAWsalMRnup1MzxjjY+P0cD9Q5knAU/fnREJ8rWPfM50+gaFerE3M/2rNCPqX7YTLMAIm6WxRPxIYAjzJBPe4YhREbIBQxc1fMR0SRSiY5DImBHfx5L9QKxbcs8L5XTFbup7HkUYH6AjlkYsuUAndojKqIooe0BN6Qa/Wo/VsvVnvs9aUNZ/ZR79kfXwDHO+WXA==</latexit>

n x 1d x nd x d

Recall: by standard methods,  inverting a 
square m x m matrix is Θ(m3). 

Multiplying a m x p with a p x q matrix is 
Θ(mpq)   



Linear Regression: Normal Equations vs GD

•Let’s compare computation costs.
•Normal Equations
•Total Cost: Θ(d2n+ d3).

•Gradient Descent: t iterations

•Cost: Θ(dn) at each step.
•Total Cost: Θ(dnt).

✓ = (XTX)�1XT y

<latexit sha1_base64="gYBEnnI4Bbg/LXcDe7teOB8DpMw=">AAACBnicbZDLSgMxFIYz9VbrbdSlCMFWqAvLTFF0IxTduKzQG/RGJk3b0ExmSM4Iw9CVG1/FjQtF3PoM7nwb08tCqz8EPv5zDifn90LBNTjOl5VaWl5ZXUuvZzY2t7Z37N29mg4iRVmVBiJQDY9oJrhkVeAgWCNUjPieYHVvdDOp1++Z0jyQFYhD1vbJQPI+pwSM1bUPczncgiEDgq9wvtGpNE46yak7NhTncl076xScqfBfcOeQRXOVu/ZnqxfQyGcSqCBaN10nhHZCFHAq2DjTijQLCR2RAWsalMRnup1MzxjjY+P0cD9Q5knAU/fnREJ8rWPfM50+gaFerE3M/2rNCPqX7YTLMAIm6WxRPxIYAjzJBPe4YhREbIBQxc1fMR0SRSiY5DImBHfx5L9QKxbcs8L5XTFbup7HkUYH6AjlkYsuUAndojKqIooe0BN6Qa/Wo/VsvVnvs9aUNZ/ZR79kfXwDHO+WXA==</latexit>

If we do “few” steps t, then GD is cheaper: t<max{d, d2/n}

✓t+1 = ✓t � ↵
1

n
(2XTX✓t � 2XT y)

<latexit sha1_base64="kh/eUcHyKbn/FQHiK4rqkWNZREU="></latexit>



Gradient Descent: Convergence

•Even if GD is cheaper, what does it give us?
•Let’s analyze it. We’ll need some ingredients
•Convex function g
•Differentiable (need this for gradients)
• Lipschitz-continuous gradients

• If we run t steps with fixed step size, starting at x0

krg(x1)�rg(x2)k2  Lkx1 � x2k2

<latexit sha1_base64="dDXrb4Sn20uDq/N0oD86ndvNZWU="></latexit>

Minimizer

g(xt)� g(x⇤)  kx0 � x⇤k22
2t↵

<latexit sha1_base64="6a9D3Y3HWi1PbWCo0aZf6pO+DNo="></latexit>

Proof: next time!



Gradient Descent Analysis : Convexity

•Recall the definition of a convex function. For f, with convex 
domain, for all               in this domain and all

Convex combination Line segment joining f(x1) and f(x2)

f(�x1 + (1� �)x2)  �f(x1) + (1� �)f(x2)

<latexit sha1_base64="qo8K8bADA+7/+EyLkrsyeya29VU="></latexit>

� 2 [0, 1]

<latexit sha1_base64="qGJ/NcQncNBeCMOBAV6qHQjf+m8=">AAAB/nicbVDLSsNAFL2pr1pfVXHlZrARXEhJiqLLohuXFewDmlAmk0k7dDIJMxOhhIK/4saFIm79Dnf+jdPHQlsPDBzOOZd75wQpZ0o7zrdVWFldW98obpa2tnd298r7By2VZJLQJkl4IjsBVpQzQZuaaU47qaQ4DjhtB8Pbid9+pFKxRDzoUUr9GPcFixjB2ki98pFte9zEQ4w8JlDXOXd92+6VK07VmQItE3dOKjBHo1f+8sKEZDEVmnCsVNd1Uu3nWGpGOB2XvEzRFJMh7tOuoQLHVPn59PwxOjVKiKJEmic0mqq/J3IcKzWKA5OMsR6oRW8i/ud1Mx1d+zkTaaapILNFUcaRTtCkCxQySYnmI0MwkczcisgAS0y0aaxkSnAXv7xMWrWqe1G9vK9V6jfzOopwDCdwBi5cQR3uoAFNIJDDM7zCm/VkvVjv1scsWrDmM4fwB9bnD+8Pk4g=</latexit>

x1, x2

<latexit sha1_base64="mXQhoc6Ax4xO13B1WzvWZ+jQERs=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LDaCBylJUfRY9OKxgv2ANoTNdtMu3WzC7kZaQv+GFw+KePXPePPfuG1z0NYHA4/3ZpiZFyScKe0431ZhbX1jc6u4XdrZ3ds/KB8etVScSkKbJOax7ARYUc4EbWqmOe0kkuIo4LQdjO5mfvuJSsVi8agnCfUiPBAsZARrI/Vse+y7F2js12zbL1ecqjMHWiVuTiqQo+GXv3r9mKQRFZpwrFTXdRLtZVhqRjidlnqpogkmIzygXUMFjqjysvnNU3RmlD4KY2lKaDRXf09kOFJqEgWmM8J6qJa9mfif1011eONlTCSppoIsFoUpRzpGswBQn0lKNJ8Ygolk5lZEhlhiok1MJROCu/zyKmnVqu5l9eqhVqnf5nEU4QRO4RxcuIY63EMDmkAggWd4hTcrtV6sd+tj0Vqw8plj+APr8wdIwY/l</latexit>



Break & Quiz



Q2-1: Suppose you find that your linear regression model is under fitting the data. In such 
situation which of the following options would you consider?

1. A, B, C

2. A, B, D

3. A, B

4. A, B, C, D

A. Add more variables

B. Start introducing polynomial degree variables

C. Use L1 regularization

D. Use L2 regularization



Q2-1: Suppose you find that your linear regression model is under fitting the data. In such 
situation which of the following options would you consider?

1. A, B, C

2. A, B, D

3. A, B

4. A, B, C, D

A. Add more variables

B. Start introducing polynomial degree variables

C. Use L1 regularization

D. Use L2 regularization In case of under fitting, you need to induce more 
variables in variable space or you can add some 
polynomial degree variables to make the model 
more complex to be able to fit the data better. No 
regularization methods should be used because 
regularization is used in case of overfitting.



Outline

•Evaluation: Metrics
• Confusion matrices, ROC curves, precision/recall
•Linear Regression
•Setup, normal equations, GD-based solution
•Logistic Regression
• Linear classification, maximum likelihood estimation,  
setup, comparisons



Classification: Linear 

•We’ve been talking about regression. What about 
classification with linear models?

𝑤!𝑥 = 0

Class 1

Class 0

𝑤

𝑤!𝑥 > 0

𝑤!𝑥 < 0



Linear Classification: Attempt 1

•Hyperplane: solutions to
• note: d-1 dimensional 

•So… try to use such hyperplanes as separators? 
•Model:

•Predict: y=1 if                        , y=0 otherwise?

• Ie, 
•Train: 0/1 loss, or, 

✓Tx = c

<latexit sha1_base64="Mmf+NvlSkAjjuBXgKxOly4SbZeM=">AAAB+3icbVBNS8NAEN34WetXrEcvi43gqSRF0YtQ9OKxQr+gjWWz3bRLN5uwO5GW0r/ixYMiXv0j3vw3btsctPXBwOO9GWbmBYngGlz321pb39jc2s7t5Hf39g8O7aNCQ8epoqxOYxGrVkA0E1yyOnAQrJUoRqJAsGYwvJv5zSemNI9lDcYJ8yPSlzzklICRunbBcTowYEAeayN8g6nj4K5ddEvuHHiVeBkpogzVrv3V6cU0jZgEKojWbc9NwJ8QBZwKNs13Us0SQoekz9qGShIx7U/mt0/xmVF6OIyVKQl4rv6emJBI63EUmM6IwEAvezPxP6+dQnjtT7hMUmCSLhaFqcAQ41kQuMcVoyDGhhCquLkV0wFRhIKJK29C8JZfXiWNcsm7KF0+lIuV2yyOHDpBp+gceegKVdA9qqI6omiEntErerOm1ov1bn0sWtesbOYY/YH1+QMmUpKR</latexit>

f✓(x) = ✓Tx

<latexit sha1_base64="bqmPa3KLbbwl0UFvXIUsdDfK29o=">AAACCHicbVC7SgNBFJ31GeNr1dLCwUSITdgNijZC0MYyQl6QxGV2MpsMmX0wc1cSlpQ2/oqNhSK2foKdf+Mk2UITD1w4c869zL3HjQRXYFnfxtLyyuraemYju7m1vbNr7u3XVRhLymo0FKFsukQxwQNWAw6CNSPJiO8K1nAHNxO/8cCk4mFQhVHEOj7pBdzjlICWHPMon/ecpA19BmRcGJ7iKzx73FfxMJ/HjpmzitYUeJHYKcmhFBXH/Gp3Qxr7LAAqiFIt24qgkxAJnAo2zrZjxSJCB6THWpoGxGeqk0wPGeMTrXSxF0pdAeCp+nsiIb5SI9/VnT6Bvpr3JuJ/XisG77KT8CCKgQV09pEXCwwhnqSCu1wyCmKkCaGS610x7RNJKOjssjoEe/7kRVIvFe2z4vldKVe+TuPIoEN0jArIRheojG5RBdUQRY/oGb2iN+PJeDHejY9Z65KRzhygPzA+fwCYBpfI</latexit>

✓Tx > 0

<latexit sha1_base64="uxp1jd0ATuLumtIln66vXBbTmTw=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYCO4KklRdCVFNy4r9AVtLJPppB06eTBzI4ZQf8WNC0Xc+iHu/BunbRbaeuDC4Zx7ufceLxZcgW1/Gyura+sbm4Wt4vbO7t6+eXDYUlEiKWvSSESy4xHFBA9ZEzgI1oklI4EnWNsb30z99gOTikdhA9KYuQEZhtznlICW+mbJsnowYkDuG/gRX2HbsnDfLNsVewa8TJyclFGOet/86g0imgQsBCqIUl3HjsHNiAROBZsUe4liMaFjMmRdTUMSMOVms+Mn+EQrA+xHUlcIeKb+nshIoFQaeLozIDBSi95U/M/rJuBfuhkP4wRYSOeL/ERgiPA0CTzgklEQqSaESq5vxXREJKGg8yrqEJzFl5dJq1pxzirnd9Vy7TqPo4CO0DE6RQ66QDV0i+qoiShK0TN6RW/Gk/FivBsf89YVI58poT8wPn8ANAeSiQ==</latexit>

y = step(f✓(x))

<latexit sha1_base64="AonVS4zkopDuMR8bgleSN94a6Xg=">AAACDHicbVC7SgNBFJ31GeMramkzmAhJE3aDoo0QtLGMYB6QhDA7uZsMmX0wc1cSlnyAjb9iY6GIrR9g5984eRSaeGDgcM653LnHjaTQaNvf1srq2vrGZmorvb2zu7efOTis6TBWHKo8lKFquEyDFAFUUaCERqSA+a6Euju4mfj1B1BahME9jiJo+6wXCE9whkbqZLK53Ihe0RbCEBONEI3zXidpYR+QjfPDQiGXoyZlF+0p6DJx5iRL5qh0Ml+tbshjHwLkkmnddOwI2wlTKLiEcboVa4gYH7AeNA0NmA+6nUyPGdNTo3SpFyrzAqRT9fdEwnytR75rkj7Dvl70JuJ/XjNG77KdiCCKEQI+W+TFkmJIJ83QrlDAUY4MYVwJ81fK+0wxjqa/tCnBWTx5mdRKReeseH5Xypav53WkyDE5IXnikAtSJrekQqqEk0fyTF7Jm/VkvVjv1scsumLNZ47IH1ifPzqQmdM=</latexit>

`(f✓) =
1

m

mX

i=1

1{step(f✓(x(i)) 6= y(i))

<latexit sha1_base64="IwXQtGB29VTKZZH2ITl/T2QWwjs="></latexit>

Difficult to optimize!!



Linear Classification: Attempt 2

•Let’s think probabilistically. Learn                  instead  

•How?
• Specify the conditional distribution 
•Use MLE to derive a loss 
•Run gradient descent (or related optimization algorithm)

• Leads to logistic regression

P✓(y|x)

<latexit sha1_base64="18ZAvZyVxm/jOwCZY7cN/LzXCOA=">AAAB/XicbVDJSgNBEO2JW4zbuNy8NGaEeAkzQdFj0IvHCGaBJAw9nU7SpKdn6K4R4xj8FS8eFPHqf3jzb+wsB018UPB4r4qqekEsuAbX/bYyS8srq2vZ9dzG5tb2jr27V9NRoiir0khEqhEQzQSXrAocBGvEipEwEKweDK7Gfv2OKc0jeQvDmLVD0pO8yykBI/n2geNU/LQFfQZkVBg+3p84DvbtvFt0J8CLxJuRPJqh4ttfrU5Ek5BJoIJo3fTcGNopUcCpYKNcK9EsJnRAeqxpqCQh0+10cv0IHxulg7uRMiUBT9TfEykJtR6GgekMCfT1vDcW//OaCXQv2imXcQJM0umibiIwRHgcBe5wxSiIoSGEKm5uxbRPFKFgAsuZELz5lxdJrVT0TotnN6V8+XIWRxYdoiNUQB46R2V0jSqoiih6QM/oFb1ZT9aL9W59TFsz1mxmH/2B9fkDjwiUAA==</latexit>

P✓(y|x)

<latexit sha1_base64="18ZAvZyVxm/jOwCZY7cN/LzXCOA=">AAAB/XicbVDJSgNBEO2JW4zbuNy8NGaEeAkzQdFj0IvHCGaBJAw9nU7SpKdn6K4R4xj8FS8eFPHqf3jzb+wsB018UPB4r4qqekEsuAbX/bYyS8srq2vZ9dzG5tb2jr27V9NRoiir0khEqhEQzQSXrAocBGvEipEwEKweDK7Gfv2OKc0jeQvDmLVD0pO8yykBI/n2geNU/LQFfQZkVBg+3p84DvbtvFt0J8CLxJuRPJqh4ttfrU5Ek5BJoIJo3fTcGNopUcCpYKNcK9EsJnRAeqxpqCQh0+10cv0IHxulg7uRMiUBT9TfEykJtR6GgekMCfT1vDcW//OaCXQv2imXcQJM0umibiIwRHgcBe5wxSiIoSGEKm5uxbRPFKFgAsuZELz5lxdJrVT0TotnN6V8+XIWRxYdoiNUQB46R2V0jSqoiih6QM/oFb1ZT9aL9W59TFsz1mxmH/2B9fkDjwiUAA==</latexit>



Likelihood Function

•Captures the probability of seeing some data as a function of 
model parameters:

• If data is iid, we have

•Often more convenient to work with the log likelihood
• Log is a monotonic + strictly increasing function

L(✓;X) = P✓(X)

<latexit sha1_base64="4LGPeXQEAc7f5F8jMkRKmgHLCGQ=">AAACE3icbVC7SgNBFJ2Nrxhfq5Y2g1khsQi7QVEQIWhjYRHBPCAJYXYymwyZfTBzVwhL/sHGX7GxUMTWxs6/cZJsoYkHBs6ccy/33uNGgiuw7W8js7S8srqWXc9tbG5t75i7e3UVxpKyGg1FKJsuUUzwgNWAg2DNSDLiu4I13OH1xG88MKl4GNzDKGIdn/QD7nFKQEtd89iy2j6BASUiuR0X2jBgQC5ws4gvcbWbzP7jQrNoWV0zb5fsKfAicVKSRymqXfOr3Qtp7LMAqCBKtRw7gk5CJHAq2DjXjhWLCB2SPmtpGhCfqU4yvWmMj7TSw14o9QsAT9XfHQnxlRr5rq6c7K/mvYn4n9eKwTvvJDyIYmABnQ3yYoEhxJOAcI9LRkGMNCFUcr0rpgMiCQUdY06H4MyfvEjq5ZJzUjq9K+crV2kcWXSADlEBOegMVdANqqIaougRPaNX9GY8GS/Gu/ExK80Yac8++gPj8weXqpwU</latexit>

L(✓;X) =
Y

j

p✓(xj)

<latexit sha1_base64="XiOo2ygPOKV91nFL2S6aEV6hQHM="></latexit>



Maximum Likelihood

•For some set of data, find the parameters that maximize the 
likelihood / log-likelihood

•Example: suppose we have n samples from a Bernoulli 
distribution

Then, 

✓̂ = argmax
✓

L(✓;X)

<latexit sha1_base64="m/FrlTLZQVA+aEAh6Ej0FVspLDw=">AAACJnicbVDJSgNBEO1xjXEb9eilMRH0EmaCoiCC6MWDBwWjgcww1HQ6SZOehe4aMQz5Gi/+ihcPERFvfoqdBXF70PD6vSqq6oWpFBod592amp6ZnZsvLBQXl5ZXVu219RudZIrxGktkouohaC5FzGsoUPJ6qjhEoeS3Yfds6N/ecaVFEl9jL+V+BO1YtAQDNFJgH5fLXgcw97DDEfr0mHqg2tSL4D74Es0POwxkftHfGWtHtL5Ly+XALjkVZwT6l7gTUiITXAb2wGsmLIt4jEyC1g3XSdHPQaFgkveLXqZ5CqwLbd4wNIaIaz8fndmn20Zp0laizIuRjtTvHTlEWvei0FQOF9a/vaH4n9fIsHXo5yJOM+QxGw9qZZJiQoeZ0aZQnKHsGQJMCbMrZR1QwNAkWzQhuL9P/ktuqhV3r7J/VS2dnE7iKJBNskV2iEsOyAk5J5ekRhh5IE9kQF6sR+vZerXexqVT1qRng/yA9fEJYkOkdA==</latexit>

P✓(X = x) =

(
✓ x = 1

1� ✓ x = 0

<latexit sha1_base64="SRebAzmP3V2f3PTxmJFp+XTl/s4="></latexit>

L(✓;X) =
nY

i=1

P (X = xi) = ✓k(1� ✓)n�k

<latexit sha1_base64="aOegeYVzuyUxp/UM1FzHoTkBCCg="></latexit>



Maximum Likelihood: Example

•Want to maximize likelihood w.r.t. Θ

•Differentiate (use product rule) and set to 0. Get

•So: ML estimate is 

L(✓;X) =
nY

i=1

P (X = xi) = ✓k(1� ✓)n�k

<latexit sha1_base64="aOegeYVzuyUxp/UM1FzHoTkBCCg="></latexit>

✓h�1(1� ✓)n�h�1(h� n✓) = 0

<latexit sha1_base64="K/svDopO9cRTwpYpAQuyo671Wmg=">AAACHHicbZDLSgMxFIYzXmu9VV26CbZCXbTMVEU3QtGNywr2Ar2RSdNOaCYzJGeEMvRB3Pgqblwo4saF4NuYtrPQ1h8Cf75zDsn53VBwDbb9bS0tr6yurac20ptb2zu7mb39mg4iRVmVBiJQDZdoJrhkVeAgWCNUjPiuYHV3eDOp1x+Y0jyQ9zAKWdsnA8n7nBIwqJs5zeVa4DEgndgrOOO8U5hdTzqxLEyJhwtYJhBfYTuX62aydtGeCi8aJzFZlKjSzXy2egGNfCaBCqJ107FDaMdEAaeCjdOtSLOQ0CEZsKaxkvhMt+PpcmN8bEgP9wNljgQ8pb8nYuJrPfJd0+kT8PR8bQL/qzUj6F+2Yy7DCJiks4f6kcAQ4ElSuMcVoyBGxhCquPkrph5RhILJM21CcOZXXjS1UtE5K57flbLl6ySOFDpERyiPHHSByugWVVAVUfSIntErerOerBfr3fqYtS5ZycwB+iPr6wdKY55Y</latexit>

✓̂ =
h

n

<latexit sha1_base64="IcBxOFuS9FtTlgl710GRlQKuDd8=">AAACB3icbVBNS8NAEN34WetX1aMgi63gqSRF0YtQ9OKxgv2AppTNdtMs3WzC7kQoITcv/hUvHhTx6l/w5r9x2+agrQ8GHu/NMDPPiwXXYNvf1tLyyuraemGjuLm1vbNb2ttv6ShRlDVpJCLV8YhmgkvWBA6CdWLFSOgJ1vZGNxO//cCU5pG8h3HMeiEZSu5zSsBI/dJRpeIGBFIXAgYkw1fY9RWhaZClMqtU+qWyXbWnwIvEyUkZ5Wj0S1/uIKJJyCRQQbTuOnYMvZQo4FSwrOgmmsWEjsiQdQ2VJGS6l07/yPCJUQbYj5QpCXiq/p5ISaj1OPRMZ0gg0PPeRPzP6ybgX/ZSLuMEmKSzRX4iMER4EgoecMUoiLEhhCpubsU0ICYHMNEVTQjO/MuLpFWrOmfV87tauX6dx1FAh+gYnSIHXaA6ukUN1EQUPaJn9IrerCfrxXq3PmatS1Y+c4D+wPr8Adh7mKs=</latexit>

h = |{x_i | x_i = 1}|



ML: Conditional Likelihood

•Similar idea, but now using conditional probabilities:

• If data is iid, we have

•Now we can apply this to linear classification: yields logistics 
regression.

L(✓;Y,X) = p✓(Y |X)

<latexit sha1_base64="5l72lQze4EmqNRjKXq7hlR6fsm0=">AAACGXicbVDLSgMxFM34rPU16tJNsCO0IGWmKAoiFN24cFHBvmhLyaRpG5p5kNwRytjfcOOvuHGhiEtd+Tem7Sy09UDgcM693JzjhoIrsO1vY2FxaXllNbWWXt/Y3No2d3YrKogkZWUaiEDWXKKY4D4rAwfBaqFkxHMFq7qDq7FfvWdS8cC/g2HIWh7p+bzLKQEttU3bsnDTI9CnRMQ3o2wT+gzIOa4f4VoOX+CwHU+lUbb+UMtZVtvM2Hl7AjxPnIRkUIJS2/xsdgIaecwHKohSDccOoRUTCZwKNko3I8VCQgekxxqa+sRjqhVPko3woVY6uBtI/XzAE/X3Rkw8pYaeqyfHIdSsNxb/8xoRdM9aMffDCJhPp4e6kcAQ4HFNuMMloyCGmhAquf4rpn0iCQVdZlqX4MxGnieVQt45zp/cFjLFy6SOFNpHByiLHHSKiugalVAZUfSIntErejOejBfj3fiYji4Yyc4e+gPj6wdhnJ4K</latexit>

L(✓;Y,X) =
Y

j

p✓(yj |xj)

<latexit sha1_base64="7vRXdIew8YWKJVjykca3HTKn5h8="></latexit>



Logistic Regression: Conditional Distribution 

•Notation: 

•Conditional Distribution: 

�(z) =
1

1 + exp(�z)
=

exp(z)

1 + exp(z)

<latexit sha1_base64="gQqmGaUmXNXruS35mDyCJYy72ZY="></latexit>

Sigmoid

P✓(y = 1|x) = �(✓Tx) =
1

1 + exp(�✓Tx)

<latexit sha1_base64="WHCgCSrwTkUWhVmSAmPcZHVXbzA="></latexit>



Logistic Regression: Loss

•Conditional MLE: 

•So: 

Or, 

log likelihood(w|x(i), y(i)) = logP✓(y
(i)|x(i))

<latexit sha1_base64="L5b1WzSwCXE56KDCp4lj1jLX8zA="></latexit>

min
✓

`(f✓) = min
✓

� 1

n

nX

i=1

logP✓(y
(i)|x(i))

<latexit sha1_base64="YVNVxtPFN+D7h+WguXHdmASss/8="></latexit>

min
✓

� 1

n

X

y(i)=1

log �(✓Tx(i))� 1

n

X

y(i)=0

log(1� �(✓Tx(i)))

<latexit sha1_base64="qiz63Gtjprv7eMHqlCLqXDfC9I4="></latexit>



Logistic Regression: Sigmoid Properties

•Bounded: 

•Symmetric:

•Gradient: 

�(z) =
1

1 + exp(�z)
2 (0, 1)
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Logistic regression: Summary

•Logistic regression = sigmoid conditional distribution + MLE

•More precisely:
•Give training data iid from some distribution D, 
•Train: 

•Test: output label probabilities 

min
✓

`(f✓) = min
✓

� 1

n

nX

i=1

logP✓(y
(i)|x(i))
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Logistic Regression: Comparisons

•Recall the first attempt:

•Difficult to optimize!!
•Another way: run least squares, ignore that y is 0 or 1:

`(f✓) =
1

m

mX

i=1

1{step(f✓(x(i)) 6= y(i))
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Logistic Regression: Comparisos

•Downside: not robust to “outliers”

Figure: Pattern Recognition and Machine Learning, Bishop



Thanks Everyone!

Some of the slides in these lectures have been adapted/borrowed from materials developed by Mark Craven, 
David Page, Jude Shavlik, Tom Mitchell, Nina Balcan, Elad Hazan, Tom Dietterich, Pedro Domingos, Jerry Zhu, 
Yingyu Liang, Volodymyr Kuleshov, Fred Sala


