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Logistics

•Announcements : 
•HW 2 due next Tuesday night
•Class roadmap:

Thursday Sept. 29 Regression II

Tuesday, Oct. 4 Naive Bayes

Thursday, Oct. 6 Neural Networks I

Tuesday, Oct. 11 Neural Networks II

Thursday, Oct. 13 Neural Networks III

Supervised Learning



Outline

•Logistic Regression
•Maximum likelihood estimation, setup, comparisons
•Logistic Regression: Multiclass
•Extending to multiclass, softmax, cross-entropy
•Gradient Descent & SGD
•Convergence proof for GD, introduction to SGD
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Linear Classification: Attempt 2

•Let’s think probabilistically. Learn                  instead  

•How?
• Specify the conditional distribution 
•Use MLE to derive a loss 
•Run gradient descent (or related optimization algorithm)

• Leads to logistic regression

P✓(y|x)

<latexit sha1_base64="18ZAvZyVxm/jOwCZY7cN/LzXCOA=">AAAB/XicbVDJSgNBEO2JW4zbuNy8NGaEeAkzQdFj0IvHCGaBJAw9nU7SpKdn6K4R4xj8FS8eFPHqf3jzb+wsB018UPB4r4qqekEsuAbX/bYyS8srq2vZ9dzG5tb2jr27V9NRoiir0khEqhEQzQSXrAocBGvEipEwEKweDK7Gfv2OKc0jeQvDmLVD0pO8yykBI/n2geNU/LQFfQZkVBg+3p84DvbtvFt0J8CLxJuRPJqh4ttfrU5Ek5BJoIJo3fTcGNopUcCpYKNcK9EsJnRAeqxpqCQh0+10cv0IHxulg7uRMiUBT9TfEykJtR6GgekMCfT1vDcW//OaCXQv2imXcQJM0umibiIwRHgcBe5wxSiIoSGEKm5uxbRPFKFgAsuZELz5lxdJrVT0TotnN6V8+XIWRxYdoiNUQB46R2V0jSqoiih6QM/oFb1ZT9aL9W59TFsz1mxmH/2B9fkDjwiUAA==</latexit>

P✓(y|x)

<latexit sha1_base64="18ZAvZyVxm/jOwCZY7cN/LzXCOA=">AAAB/XicbVDJSgNBEO2JW4zbuNy8NGaEeAkzQdFj0IvHCGaBJAw9nU7SpKdn6K4R4xj8FS8eFPHqf3jzb+wsB018UPB4r4qqekEsuAbX/bYyS8srq2vZ9dzG5tb2jr27V9NRoiir0khEqhEQzQSXrAocBGvEipEwEKweDK7Gfv2OKc0jeQvDmLVD0pO8yykBI/n2geNU/LQFfQZkVBg+3p84DvbtvFt0J8CLxJuRPJqh4ttfrU5Ek5BJoIJo3fTcGNopUcCpYKNcK9EsJnRAeqxpqCQh0+10cv0IHxulg7uRMiUBT9TfEykJtR6GgekMCfT1vDcW//OaCXQv2imXcQJM0umibiIwRHgcBe5wxSiIoSGEKm5uxbRPFKFgAsuZELz5lxdJrVT0TotnN6V8+XIWRxYdoiNUQB46R2V0jSqoiih6QM/oFb1ZT9aL9W59TFsz1mxmH/2B9fkDjwiUAA==</latexit>



Likelihood Function

•Captures the probability of seeing some data as a function of 
model parameters:

• If data is iid, we have

•Often more convenient to work with the log likelihood
• Log is a monotonic + strictly increasing function

L(✓;X) = P✓(X)

<latexit sha1_base64="4LGPeXQEAc7f5F8jMkRKmgHLCGQ=">AAACE3icbVC7SgNBFJ2Nrxhfq5Y2g1khsQi7QVEQIWhjYRHBPCAJYXYymwyZfTBzVwhL/sHGX7GxUMTWxs6/cZJsoYkHBs6ccy/33uNGgiuw7W8js7S8srqWXc9tbG5t75i7e3UVxpKyGg1FKJsuUUzwgNWAg2DNSDLiu4I13OH1xG88MKl4GNzDKGIdn/QD7nFKQEtd89iy2j6BASUiuR0X2jBgQC5ws4gvcbWbzP7jQrNoWV0zb5fsKfAicVKSRymqXfOr3Qtp7LMAqCBKtRw7gk5CJHAq2DjXjhWLCB2SPmtpGhCfqU4yvWmMj7TSw14o9QsAT9XfHQnxlRr5rq6c7K/mvYn4n9eKwTvvJDyIYmABnQ3yYoEhxJOAcI9LRkGMNCFUcr0rpgMiCQUdY06H4MyfvEjq5ZJzUjq9K+crV2kcWXSADlEBOegMVdANqqIaougRPaNX9GY8GS/Gu/ExK80Yac8++gPj8weXqpwU</latexit>

L(✓;X) =
Y

j

p✓(xj)

<latexit sha1_base64="XiOo2ygPOKV91nFL2S6aEV6hQHM="></latexit>



Maximum Likelihood

•For some set of data, find the parameters that maximize the 
likelihood / log-likelihood

•Example: suppose we have n samples from a Bernoulli 
distribution

Then, 

✓̂ = argmax
✓

L(✓;X)

<latexit sha1_base64="m/FrlTLZQVA+aEAh6Ej0FVspLDw=">AAACJnicbVDJSgNBEO1xjXEb9eilMRH0EmaCoiCC6MWDBwWjgcww1HQ6SZOehe4aMQz5Gi/+ihcPERFvfoqdBXF70PD6vSqq6oWpFBod592amp6ZnZsvLBQXl5ZXVu219RudZIrxGktkouohaC5FzGsoUPJ6qjhEoeS3Yfds6N/ecaVFEl9jL+V+BO1YtAQDNFJgH5fLXgcw97DDEfr0mHqg2tSL4D74Es0POwxkftHfGWtHtL5Ly+XALjkVZwT6l7gTUiITXAb2wGsmLIt4jEyC1g3XSdHPQaFgkveLXqZ5CqwLbd4wNIaIaz8fndmn20Zp0laizIuRjtTvHTlEWvei0FQOF9a/vaH4n9fIsHXo5yJOM+QxGw9qZZJiQoeZ0aZQnKHsGQJMCbMrZR1QwNAkWzQhuL9P/ktuqhV3r7J/VS2dnE7iKJBNskV2iEsOyAk5J5ekRhh5IE9kQF6sR+vZerXexqVT1qRng/yA9fEJYkOkdA==</latexit>

P✓(X = x) =

(
✓ x = 1

1� ✓ x = 0

<latexit sha1_base64="SRebAzmP3V2f3PTxmJFp+XTl/s4="></latexit>

L(✓;X) =
nY

i=1

P (X = xi) = ✓k(1� ✓)n�k

<latexit sha1_base64="aOegeYVzuyUxp/UM1FzHoTkBCCg="></latexit>



Maximum Likelihood: Example

•Want to maximize likelihood w.r.t. Θ

•Differentiate (use product rule) and set to 0. Get

•So: ML estimate is 

L(✓;X) =
nY

i=1

P (X = xi) = ✓k(1� ✓)n�k

<latexit sha1_base64="aOegeYVzuyUxp/UM1FzHoTkBCCg="></latexit>

✓h�1(1� ✓)n�h�1(h� n✓) = 0

<latexit sha1_base64="K/svDopO9cRTwpYpAQuyo671Wmg=">AAACHHicbZDLSgMxFIYzXmu9VV26CbZCXbTMVEU3QtGNywr2Ar2RSdNOaCYzJGeEMvRB3Pgqblwo4saF4NuYtrPQ1h8Cf75zDsn53VBwDbb9bS0tr6yurac20ptb2zu7mb39mg4iRVmVBiJQDZdoJrhkVeAgWCNUjPiuYHV3eDOp1x+Y0jyQ9zAKWdsnA8n7nBIwqJs5zeVa4DEgndgrOOO8U5hdTzqxLEyJhwtYJhBfYTuX62aydtGeCi8aJzFZlKjSzXy2egGNfCaBCqJ107FDaMdEAaeCjdOtSLOQ0CEZsKaxkvhMt+PpcmN8bEgP9wNljgQ8pb8nYuJrPfJd0+kT8PR8bQL/qzUj6F+2Yy7DCJiks4f6kcAQ4ElSuMcVoyBGxhCquPkrph5RhILJM21CcOZXXjS1UtE5K57flbLl6ySOFDpERyiPHHSByugWVVAVUfSIntErerOerBfr3fqYtS5ZycwB+iPr6wdKY55Y</latexit>

✓̂ =
h

n

<latexit sha1_base64="IcBxOFuS9FtTlgl710GRlQKuDd8=">AAACB3icbVBNS8NAEN34WetX1aMgi63gqSRF0YtQ9OKxgv2AppTNdtMs3WzC7kQoITcv/hUvHhTx6l/w5r9x2+agrQ8GHu/NMDPPiwXXYNvf1tLyyuraemGjuLm1vbNb2ttv6ShRlDVpJCLV8YhmgkvWBA6CdWLFSOgJ1vZGNxO//cCU5pG8h3HMeiEZSu5zSsBI/dJRpeIGBFIXAgYkw1fY9RWhaZClMqtU+qWyXbWnwIvEyUkZ5Wj0S1/uIKJJyCRQQbTuOnYMvZQo4FSwrOgmmsWEjsiQdQ2VJGS6l07/yPCJUQbYj5QpCXiq/p5ISaj1OPRMZ0gg0PPeRPzP6ybgX/ZSLuMEmKSzRX4iMER4EgoecMUoiLEhhCpubsU0ICYHMNEVTQjO/MuLpFWrOmfV87tauX6dx1FAh+gYnSIHXaA6ukUN1EQUPaJn9IrerCfrxXq3PmatS1Y+c4D+wPr8Adh7mKs=</latexit>

h = |{x_i | x_i = 1}|



ML: Conditional Likelihood

•Similar idea, but now using conditional probabilities:

• If data is iid, we have

•Now we can apply this to linear classification: yields logistic 
regression.

L(✓;Y,X) = p✓(Y |X)

<latexit sha1_base64="5l72lQze4EmqNRjKXq7hlR6fsm0=">AAACGXicbVDLSgMxFM34rPU16tJNsCO0IGWmKAoiFN24cFHBvmhLyaRpG5p5kNwRytjfcOOvuHGhiEtd+Tem7Sy09UDgcM693JzjhoIrsO1vY2FxaXllNbWWXt/Y3No2d3YrKogkZWUaiEDWXKKY4D4rAwfBaqFkxHMFq7qDq7FfvWdS8cC/g2HIWh7p+bzLKQEttU3bsnDTI9CnRMQ3o2wT+gzIOa4f4VoOX+CwHU+lUbb+UMtZVtvM2Hl7AjxPnIRkUIJS2/xsdgIaecwHKohSDccOoRUTCZwKNko3I8VCQgekxxqa+sRjqhVPko3woVY6uBtI/XzAE/X3Rkw8pYaeqyfHIdSsNxb/8xoRdM9aMffDCJhPp4e6kcAQ4HFNuMMloyCGmhAquf4rpn0iCQVdZlqX4MxGnieVQt45zp/cFjLFy6SOFNpHByiLHHSKiugalVAZUfSIntErejOejBfj3fiYji4Yyc4e+gPj6wdhnJ4K</latexit>

L(✓;Y,X) =
Y

j

p✓(yj |xj)

<latexit sha1_base64="7vRXdIew8YWKJVjykca3HTKn5h8="></latexit>



Logistic Regression: Conditional Distribution 

•Notation: 

•Conditional Distribution: 

�(z) =
1

1 + exp(�z)
=

exp(z)

1 + exp(z)

<latexit sha1_base64="gQqmGaUmXNXruS35mDyCJYy72ZY="></latexit>

Sigmoid

P✓(y = 1|x) = �(✓Tx) =
1

1 + exp(�✓Tx)

<latexit sha1_base64="WHCgCSrwTkUWhVmSAmPcZHVXbzA="></latexit>



Logistic Regression: Loss

•Conditional MLE: 

•So: 

Or, 

min
✓

`(f✓) = min
✓

� 1

n

nX

i=1

logP✓(y
(i)|x(i))

<latexit sha1_base64="YVNVxtPFN+D7h+WguXHdmASss/8="></latexit>

min
✓

� 1

n

X

y(i)=1

log �(✓Tx(i))� 1

n

X

y(i)=0

log(1� �(✓Tx(i)))

<latexit sha1_base64="qiz63Gtjprv7eMHqlCLqXDfC9I4="></latexit>

log likelihood(✓|x(i), y(i)) = logP✓(y
(i)|x(i))

<latexit sha1_base64="AxLxbqXVgrjo3ub4/yV2ZQJ096Y="></latexit>



Logistic Regression: Sigmoid Properties

•Bounded: 

•Symmetric:

•Gradient: 

�(z) =
1

1 + exp(�z)
2 (0, 1)

<latexit sha1_base64="z+w45llBJtY6hTVQYSHb30cP4EM=">AAACF3icbVDLSsNAFJ34rPVVdelmsBVa1JAURTdC0Y3LCvYBTSiT6aQdOpmEmYnYhv6FG3/FjQtF3OrOv3HaZqGtBy4czrmXe+/xIkalsqxvY2FxaXllNbOWXd/Y3NrO7ezWZRgLTGo4ZKFoekgSRjmpKaoYaUaCoMBjpOH1r8d+454ISUN+pwYRcQPU5dSnGCkttXNmoeBI2g1QcViCl9DxBcKJPUrsI4c8RMWTYWkEHcph0Tq2S4VCO5e3TGsCOE/slORBimo79+V0QhwHhCvMkJQt24qUmyChKGZklHViSSKE+6hLWppyFBDpJpO/RvBQKx3oh0IXV3Ci/p5IUCDlIPB0Z4BUT856Y/E/rxUr/8JNKI9iRTieLvJjBlUIxyHBDhUEKzbQBGFB9a0Q95CORukoszoEe/bleVIvm/apeXZbzleu0jgyYB8cgCKwwTmogBtQBTWAwSN4Bq/gzXgyXox342PaumCkM3vgD4zPHzMbnCk=</latexit>

1� �(z) =
exp(�z)

1 + exp(�z)
=

1

exp(z) + 1
= �(�z)

<latexit sha1_base64="hfW3i5ushSrv3b8zXb7KOB2h28k="></latexit>

�0(z) =
exp(�z)

(1 + exp(�z))2
= �(z)(1� (�(z))

<latexit sha1_base64="H90HAUyECqSEpJzxoz6gouRhYoY="></latexit>



Logistic regression: Summary

•Logistic regression = sigmoid conditional distribution + MLE

•More precisely:
•Give training data iid from some distribution D, 
•Train: 

•Test: output label probabilities 

min
✓

`(f✓) = min
✓

� 1

n

nX

i=1

logP✓(y
(i)|x(i))

<latexit sha1_base64="YVNVxtPFN+D7h+WguXHdmASss/8="></latexit>

P✓(y = 1|x) = �(✓Tx) =
1

1 + exp(�✓Tx)

<latexit sha1_base64="WHCgCSrwTkUWhVmSAmPcZHVXbzA="></latexit>



Logistic Regression: Comparisons

•Recall the first attempt:

•Difficult to optimize!!
•Another way: run least squares, ignore that y is 0 or 1:

`(f✓) =
1

m

mX

i=1

1{step(f✓(x(i)) 6= y(i))

<latexit sha1_base64="IwXQtGB29VTKZZH2ITl/T2QWwjs="></latexit>

`(f✓) =
1

n

nX

j=1

(f✓(x
(j))� y(j))2

<latexit sha1_base64="EOOGIiObnB0KY5hglQa3f2PYt9c="></latexit>



Logistic Regression: Comparisons

•Downside: not robust to “outliers”

Figure: Pattern Recognition and Machine Learning, Bishop



Break & Quiz



Q3-1: Select the correct option.

1. Both statements are true.

2. Both statements are false.

3. Statement A is true, Statement B is false.

4. Statement B is true, Statement A is false.

A. For logistic regression, sometimes gradient descent will converge to a local minimum (and fail to 

find the global minimum). 

B. The cost function for logistic regression trained with 1 or more examples is always greater than or 

equal to zero.



Q3-1: Select the correct option.

1. Both statements are true.

2. Both statements are false.

3. Statement A is true, Statement B is false.

4. Statement B is true, Statement A is false.

A. For logistic regression, sometimes gradient descent will converge to a local minimum (and fail to 

find the global minimum). 

B. The cost function for logistic regression trained with 1 or more examples is always greater than or 

equal to zero. The cost function for logistic regression is 
convex, so gradient descent will always 
converge to the global minimum. 

The cost for any example is always >= 0 
since it is the negative log of a quantity 
less than one. The cost function is a 
summation over the cost for each 
sample, so the cost function itself must 
be greater than or equal to zero.
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Logistic Regression: Beyond Binary

•We started with this conditional distribution:

•Now let’s try to extend it. 
•Can no longer just use one 
•But we can try multiple…

P✓(y = 1|x) = �(✓Tx) =
1

1 + exp(�✓Tx)

<latexit sha1_base64="WHCgCSrwTkUWhVmSAmPcZHVXbzA="></latexit>

✓Tx

<latexit sha1_base64="zoPBiLvcqsqqTrN6N89faZ+VV+M=">AAAB9HicbVBNT8JAEN3iF+IX6tHLRmriibREo0eiF4+Y8JVAJdtlCxu227o7JZKG3+HFg8Z49cd489+4QA8KvmSSl/dmMjPPjwXX4DjfVm5tfWNzK79d2Nnd2z8oHh41dZQoyho0EpFq+0QzwSVrAAfB2rFiJPQFa/mj25nfGjOleSTrMImZF5KB5AGnBIzk2XYXhgzIQ/3JtnvFklN25sCrxM1ICWWo9Ypf3X5Ek5BJoIJo3XGdGLyUKOBUsGmhm2gWEzoiA9YxVJKQaS+dHz3FZ0bp4yBSpiTgufp7IiWh1pPQN50hgaFe9mbif14ngeDaS7mME2CSLhYFicAQ4VkCuM8VoyAmhhCquLkV0yFRhILJqWBCcJdfXiXNStm9KF/eV0rVmyyOPDpBp+gcuegKVdEdqqEGougRPaNX9GaNrRfr3fpYtOasbOYY/YH1+QNZvZEu</latexit>



Logistic Regression: Beyond Binary

•Let’s set, for y in 1,2,…,k

•Note: we have several weight vectors now (1 per class).
•To train, same as before (just more weight vectors).

min
✓

� 1

n

nX

i=1

logP✓(y
(i)|x(i))

<latexit sha1_base64="00KK7NgWH5JP4hVjRnGo/91RPKM="></latexit>

P✓(y = i|x) = exp((✓i)Tx)
Pk

j=1 exp((✓
j)Tx)

<latexit sha1_base64="bpu2jlmcFW1gnurfeMRdOMBy4CE="></latexit>



Cross-Entropy Loss

•Let’s define q(i) as the one-hot vector for the ith datapoint.
•Next, let’s let                                      be our prediction

•Our loss terms can be written

•This is the “cross-entropy” 

p(i) = P✓(y|x(i))

<latexit sha1_base64="H/SC5iCYiZsFMLuJTOpfNzgkxUY=">AAACDHicbVDLTgIxFO3gC/GFunTTCCawITNEoxsTohuXmMgjgZF0SoGGziPtHeNknA9w46+4caExbv0Ad/6NBWah4EmanJxzbm7vcQLBFZjmt5FZWl5ZXcuu5zY2t7Z38rt7TeWHkrIG9YUv2w5RTHCPNYCDYO1AMuI6grWc8eXEb90xqbjv3UAUMNslQ48POCWgpV6+UCwGt3GJlxN8juu9uAsjBiQpRQ/3M7lcLOqUWTGnwIvESkkBpaj38l/dvk9Dl3lABVGqY5kB2DGRwKlgSa4bKhYQOiZD1tHUIy5Tdjw9JsFHWunjgS/18wBP1d8TMXGVilxHJ10CIzXvTcT/vE4IgzM75l4QAvPobNEgFBh8PGkG97lkFESkCaGS679iOiKSUND95XQJ1vzJi6RZrVjHlZPraqF2kdaRRQfoEJWQhU5RDV2hOmogih7RM3pFb8aT8WK8Gx+zaMZIZ/bRHxifP7UqmYM=</latexit>

Note: only 1 term non-zero.

Should look familiar…

H(q(i), p(i))

<latexit sha1_base64="FadHCvfUoWmTMXCM5R2oHAzY1MM=">AAACAHicbZDLSsNAFIYn9VbrLerChZvBRmhBSlIUXRbddFnBXqCNZTKdtEMnkzgzEUrIxldx40IRtz6GO9/GaZuFtv4w8PGfczhzfi9iVCrb/jZyK6tr6xv5zcLW9s7unrl/0JJhLDBp4pCFouMhSRjlpKmoYqQTCYICj5G2N76Z1tuPREga8js1iYgboCGnPsVIaatvHllWvfRwn5RoOT2D0RzKltU3i3bFngkug5NBEWRq9M2v3iDEcUC4wgxJ2XXsSLkJEopiRtJCL5YkQniMhqSrkaOASDeZHZDCU+0MoB8K/biCM/f3RIICKSeBpzsDpEZysTY1/6t1Y+VfuQnlUawIx/NFfsygCuE0DTiggmDFJhoQFlT/FeIREggrnVlBh+AsnrwMrWrFOa9c3FaLtessjjw4BiegBBxwCWqgDhqgCTBIwTN4BW/Gk/FivBsf89ackc0cgj8yPn8A63mUDQ==</latexit>

� log p(y(i)|x(i)) = �
kX

j=1

q(i)j log p(y = j|x(i))

<latexit sha1_base64="pTFscnhrV1xIHhRq/p/vJ2pFwEM="></latexit>



Cross-Entropy Loss

•This is the “cross-entropy”

•What are we doing when we minimize the cross-entropy?
•Recall KL divergence,

•Matching distributions!

D(q(i)||p(i)) = Eq(i) [log p
(i)]� Eq(i) [log q

(i)]

<latexit sha1_base64="hB7k8+8VxUSJPZ7x22AXQ4zWYac="></latexit>

H(q(i), p(i)) = Eq(i) [log p
(i)]

<latexit sha1_base64="1lLIDV/2vjTzPdpQVH3ob06R//k=">AAACJnicbVDLSgMxFM3UV62vUZdugh2hBSkzRdFNoShClxXsA9qxZNJMG5p5mGSEMszXuPFX3LioiLjzU0zbEbT1QOBwzrnk3uOEjAppmp9aZmV1bX0ju5nb2t7Z3dP3D5oiiDgmDRywgLcdJAijPmlIKhlph5wgz2Gk5Yyup37rkXBBA/9OjkNie2jgU5diJJXU0yuGUSs83McFWkxOYTgnRViBXQ/JoePEN0kvTv2k02XB4CdkQ8Po6XmzZM4Al4mVkjxIUe/pk24/wJFHfIkZEqJjmaG0Y8QlxYwkuW4kSIjwCA1IR1EfeUTY8ezMBJ4opQ/dgKvnSzhTf0/EyBNi7DkqOV1eLHpT8T+vE0n30o6pH0aS+Hj+kRsxKAM47Qz2KSdYsrEiCHOqdoV4iDjCUjWbUyVYiycvk2a5ZJ2Vzm/L+epVWkcWHIFjUAAWuABVUAN10AAYPIEXMAFv2rP2qr1rH/NoRktnDsEfaF/f11Ki+w==</latexit>

Cross-entropy Entropy H(q(i))
(fixed)



Softmax

•We wrote

•This operation is called softmax.
•Converts a vector into a probability vector (note normalization).
• If one component in the vector a is dominant, softmax(a) is close to 

one-hot vector

P✓(y = i|x) = exp((✓i)Tx)
Pk

j=1 exp((✓
j)Tx)

<latexit sha1_base64="bpu2jlmcFW1gnurfeMRdOMBy4CE="></latexit>



Break & Quiz



Q3-1: Please calculate the softmax of (1, 2, 3, 4, 5).

1. (0.067, 0.133, 0.2, 0.267, 0.333)
2. (0, 0.145, 0.229, 0.290, 0.336)
3. (0.012, 0.032, 0.086, 0.234, 

0.636)
4. (0.636, 0.234, 0.086, 0.032, 

0.012)



Q3-1: Please calculate the softmax of (1, 2, 3, 4, 5).

1. (0.067, 0.133, 0.2, 0.267, 0.333)
2. (0, 0.145, 0.229, 0.290, 0.336)
3. (0.012, 0.032, 0.086, 0.234, 

0.636)
4. (0.636, 0.234, 0.086, 0.032, 

0.012)

By the lecture, we have for 
some 𝑎 = (𝑎!), 
𝑠𝑜𝑓𝑡𝑚𝑎𝑥(𝑎)! =

"#$(&!)
∑" "#$(&")

.

Here:
(A) &!

∑" &"

(B) )*+(&!)
∑" )*+(&")

(C) "#$(&!)
∑" "#$(&")

(D) "#$(,&!)
∑" "#$(,&")



Outline

•Logistic Regression
•Maximum likelihood estimation, setup, comparisons
•Logistic Regression: Multiclass
•Extending to multiclass, softmax, cross-entropy
•Gradient Descent & SGD
•Convergence proof for GD, introduction to SGD



Gradient Descent Analysis : Convexity

•Recall the definition of a convex function. For f, with convex 
domain, for all               in this domain and all

Convex combination Line segment joining f(x1) and f(x2)

f(�x1 + (1� �)x2)  �f(x1) + (1� �)f(x2)

<latexit sha1_base64="qo8K8bADA+7/+EyLkrsyeya29VU="></latexit>

� 2 [0, 1]

<latexit sha1_base64="qGJ/NcQncNBeCMOBAV6qHQjf+m8=">AAAB/nicbVDLSsNAFL2pr1pfVXHlZrARXEhJiqLLohuXFewDmlAmk0k7dDIJMxOhhIK/4saFIm79Dnf+jdPHQlsPDBzOOZd75wQpZ0o7zrdVWFldW98obpa2tnd298r7By2VZJLQJkl4IjsBVpQzQZuaaU47qaQ4DjhtB8Pbid9+pFKxRDzoUUr9GPcFixjB2ki98pFte9zEQ4w8JlDXOXd92+6VK07VmQItE3dOKjBHo1f+8sKEZDEVmnCsVNd1Uu3nWGpGOB2XvEzRFJMh7tOuoQLHVPn59PwxOjVKiKJEmic0mqq/J3IcKzWKA5OMsR6oRW8i/ud1Mx1d+zkTaaapILNFUcaRTtCkCxQySYnmI0MwkczcisgAS0y0aaxkSnAXv7xMWrWqe1G9vK9V6jfzOopwDCdwBi5cQR3uoAFNIJDDM7zCm/VkvVjv1scsWrDmM4fwB9bnD+8Pk4g=</latexit>

x1, x2

<latexit sha1_base64="mXQhoc6Ax4xO13B1WzvWZ+jQERs=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LDaCBylJUfRY9OKxgv2ANoTNdtMu3WzC7kZaQv+GFw+KePXPePPfuG1z0NYHA4/3ZpiZFyScKe0431ZhbX1jc6u4XdrZ3ds/KB8etVScSkKbJOax7ARYUc4EbWqmOe0kkuIo4LQdjO5mfvuJSsVi8agnCfUiPBAsZARrI/Vse+y7F2js12zbL1ecqjMHWiVuTiqQo+GXv3r9mKQRFZpwrFTXdRLtZVhqRjidlnqpogkmIzygXUMFjqjysvnNU3RmlD4KY2lKaDRXf09kOFJqEgWmM8J6qJa9mfif1011eONlTCSppoIsFoUpRzpGswBQn0lKNJ8Ygolk5lZEhlhiok1MJROCu/zyKmnVqu5l9eqhVqnf5nEU4QRO4RxcuIY63EMDmkAggWd4hTcrtV6sd+tj0Vqw8plj+APr8wdIwY/l</latexit>



Gradient Descent Analysis : Convexity

•An equivalent definition:

•Function sits above its tangents

f(x2) � f(x1) +rf(x1)
T (x2 � x1)

<latexit sha1_base64="OaLvzTOwON7zILpHC8MWzzKr0ME=">AAACHHicbVDLSgMxFM3UV62vUZdugq3QIpaZquiy6MZlhb6gM5ZMmmlDM5kxyYil9EPc+CtuXCjixoXg35hpZ6HVA4Fzz7mXm3u8iFGpLOvLyCwsLi2vZFdza+sbm1vm9k5ThrHApIFDFoq2hyRhlJOGooqRdiQICjxGWt7wMvFbd0RIGvK6GkXEDVCfU59ipLTUNY8LBb94362UoNMntzDhdgkeQocjj6G0vqknLfAIJkWh0DXzVtmaAv4ldkryIEWta344vRDHAeEKMyRlx7Yi5Y6RUBQzMsk5sSQRwkPUJx1NOQqIdMfT4ybwQCs96IdCP67gVP05MUaBlKPA050BUgM57yXif14nVv65O6Y8ihXheLbIjxlUIUySgj0qCFZspAnCguq/QjxAAmGl88zpEOz5k/+SZqVsn5RPryv56kUaRxbsgX1QBDY4A1VwBWqgATB4AE/gBbwaj8az8Wa8z1ozRjqzC37B+PwGoT+cvA==</latexit>



Gradient Descent Analysis : Lipschitzness

•The assumption
is equivalent to 

•Recall:                 means that                is positive semidefinite 

•Recall some more:  C is positive semidefinite if for all x, 

A � B

<latexit sha1_base64="4otqBwsW/tCvCcKL3ELdccQBWDs=">AAAB+3icbVDLTgIxFL2DL8TXiEs3jYyJKzJDNLpE3LjERB4JTEindKCh0xnbjpEQfsWNC41x64+4828sMAsFT9Lk5Jx70ntPkHCmtOt+W7m19Y3Nrfx2YWd3b//APiw2VZxKQhsk5rFsB1hRzgRtaKY5bSeS4ijgtBWMbmZ+65FKxWJxr8cJ9SM8ECxkBGsj9eyi41wj1DUZQh9QDSHH6dklt+zOgVaJl5ESZKj37K9uPyZpRIUmHCvV8dxE+xMsNSOcTgvdVNEEkxEe0I6hAkdU+ZP57lN0apQ+CmNpntBorv5OTHCk1DgKzGSE9VAtezPxP6+T6vDKnzCRpJoKsvgoTDnSMZoVgfrM3Kz52BBMJDO7IjLEEhNt6iqYErzlk1dJs1L2zssXd5VStZbVkYdjOIEz8OASqnALdWgAgSd4hld4s6bWi/VufSxGc1aWOYI/sD5/AC/KkfQ=</latexit>

B �A

<latexit sha1_base64="hUbxlHPT6s4176E+O1oOiUnO//A=">AAAB7nicbVBNS8NAEJ3Ur1q/oh69LDaCF0tSFD3WevFYwX5AG8pmu2mXbjZhdyOU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBQlnSrvut1VYW9/Y3Cpul3Z29/YP7MOjlopTSWiTxDyWnQArypmgTc00p51EUhwFnLaD8d3Mbz9RqVgsHvUkoX6Eh4KFjGBtpLbj1C9uHadvl92KOwdaJV5OypCj0be/eoOYpBEVmnCsVNdzE+1nWGpGOJ2WeqmiCSZjPKRdQwWOqPKz+blTdGaUAQpjaUpoNFd/T2Q4UmoSBaYzwnqklr2Z+J/XTXV442dMJKmmgiwWhSlHOkaz39GASUo0nxiCiWTmVkRGWGKiTUIlE4K3/PIqaVUr3mXl6qFartXzOIpwAqdwDh5cQw3uoQFNIDCGZ3iFNyuxXqx362PRWrDymWP4A+vzB/imjgY=</latexit>

r2f(x) � LI

<latexit sha1_base64="ckSpvYMMVZZwhmYKZNmy7CmktQg=">AAACB3icbVDLSsNAFJ34rPUVdSnIYCPUTUmKosuiGwUXFewDmlgm00k7dDKJMxOxhO7c+CtuXCji1l9w5984bbPQ1gMDh3Pu4c49fsyoVLb9bczNLywuLedW8qtr6xub5tZ2XUaJwKSGIxaJpo8kYZSTmqKKkWYsCAp9Rhp+/3zkN+6JkDTiN2oQEy9EXU4DipHSUtvcsyyXI5+h2zIMig+H0NVxTO7g1SWEltU2C3bJHgPOEicjBZCh2ja/3E6Ek5BwhRmSsuXYsfJSJBTFjAzzbiJJjHAfdUlLU45CIr10fMcQHmilA4NI6McVHKu/EykKpRyEvp4MkerJaW8k/ue1EhWceinlcaIIx5NFQcKgiuCoFNih+mjFBpogLKj+K8Q9JBBWurq8LsGZPnmW1Msl56h0fF0uVM6yOnJgF+yDInDACaiAC1AFNYDBI3gGr+DNeDJejHfjYzI6Z2SZHfAHxucPnX+Wlw==</latexit>

krf(x1)�rf(x2)k2  Lkx1 � x2k2

<latexit sha1_base64="w13K7WxXMI+sWPA8MId9lN9X+o8="></latexit>

xTCx � 0

<latexit sha1_base64="f2XNU+26PPB/2tnlZyWLQC3Phzs=">AAAB+3icbVDLTgJBEOzFF+JrxaOXiayJJ7JLNHokcvGICa8EVjI7zMKE2Yczsway4Ve8eNAYr/6IN//GAfagYCWdVKq6093lxZxJZdvfRm5jc2t7J79b2Ns/ODwyj4stGSWC0CaJeCQ6HpaUs5A2FVOcdmJBceBx2vbGtbnffqJCsihsqGlM3QAPQ+YzgpWW+mbRsiYPDVRDE9Qb0kdkW1bfLNllewG0TpyMlCBDvW9+9QYRSQIaKsKxlF3HjpWbYqEY4XRW6CWSxpiM8ZB2NQ1xQKWbLm6foXOtDJAfCV2hQgv190SKAymngac7A6xGctWbi/953UT5N27KwjhRNCTLRX7CkYrQPAg0YIISxaeaYCKYvhWRERaYKB1XQYfgrL68TlqVsnNZvrqvlKq3WRx5OIUzuAAHrqEKd1CHJhCYwDO8wpsxM16Md+Nj2ZozspkT+APj8wd4oZIj</latexit>



Gradient Descent: Convergence Proof p. 1

•We’ll use our two ingredients. Let’s start with a Taylor 
expansion:

•Next, our gradient Lipschitz condition means 

=) f(y)  f(x) +rf(x)T (y � x) + 1/2Lky � xk2

<latexit sha1_base64="AWEetv0U+pEm6JjsmTlnCP8uFGk="></latexit>

Linear Approximation Remainder: at most a quadratic

f(y) = f(x) +rf(x)T (y � x) + 1/2(y � x)Tr2f(z)(y � x)

<latexit sha1_base64="m/Ld2Ph8Aavk79ySo4NNLyfNIuo="></latexit>

r2f(x) � LI

<latexit sha1_base64="ckSpvYMMVZZwhmYKZNmy7CmktQg=">AAACB3icbVDLSsNAFJ34rPUVdSnIYCPUTUmKosuiGwUXFewDmlgm00k7dDKJMxOxhO7c+CtuXCji1l9w5984bbPQ1gMDh3Pu4c49fsyoVLb9bczNLywuLedW8qtr6xub5tZ2XUaJwKSGIxaJpo8kYZSTmqKKkWYsCAp9Rhp+/3zkN+6JkDTiN2oQEy9EXU4DipHSUtvcsyyXI5+h2zIMig+H0NVxTO7g1SWEltU2C3bJHgPOEicjBZCh2ja/3E6Ek5BwhRmSsuXYsfJSJBTFjAzzbiJJjHAfdUlLU45CIr10fMcQHmilA4NI6McVHKu/EykKpRyEvp4MkerJaW8k/ue1EhWceinlcaIIx5NFQcKgiuCoFNih+mjFBpogLKj+K8Q9JBBWurq8LsGZPnmW1Msl56h0fF0uVM6yOnJgF+yDInDACaiAC1AFNYDBI3gGr+DNeDJejHfjYzI6Z2SZHfAHxucPnX+Wlw==</latexit>



Gradient Descent: Convergence Proof p. 2

•Let’s plug in our GD relationship

•Start with some algebra
f(xt+1)  f(xt) +rf(xt)

T (xt+1 � xt) + 1/2Lkxt+1 � xtk22

<latexit sha1_base64="hSMKT52t0y+ffj65592cFK1L31E="></latexit>

= f(xt)�rf(xt)
T↵rf(xt) + 1/2Lk↵rf(xt)k22

<latexit sha1_base64="tyqu+TYSAjrzGCOeY5qHbpNDo5k="></latexit>

= f(xt)� ↵krf(xt)k22 + 1/2L↵2krf(xt)k22

<latexit sha1_base64="/iR9zFd6aYue9Fzy5ZAHGjYfcKc="></latexit>

= f(xt)� ↵(1� 1/2L↵)krf(xt)k22

<latexit sha1_base64="HcmKATxzzxPOg5wUAFxipYpNdpY="></latexit>

=) f(y)  f(x) +rf(x)T (y � x) + 1/2Lky � xk2

<latexit sha1_base64="AWEetv0U+pEm6JjsmTlnCP8uFGk="></latexit>

y  xt+1 = xt � ↵rf(xt)

<latexit sha1_base64="c6PYhscPniYHdjJNoZHO6HpLqiE=">AAACHnicbZBNSwMxEIazflu/qh69BFuhIpZdUfQiFL14rGCt0C1lNs22wWx2SWbVsvSXePGvePGgiOBJ/41p7UGtLwQe3plhMm+QSGHQdT+dicmp6ZnZufncwuLS8kp+de3SxKlmvMZiGeurAAyXQvEaCpT8KtEcokDyenB9OqjXb7g2IlYX2Et4M4KOEqFggNZq5Q+KxR71JQ8RtI5v6V0rwx2vT48tId2lPsikC9RXEEigYcm628ViK19wy+5QdBy8ERTISNVW/t1vxyyNuEImwZiG5ybYzECjYJL3c35qeALsGjq8YVFBxE0zG57Xp1vWadMw1vYppEP350QGkTG9KLCdEWDX/K0NzP9qjRTDo2YmVJIiV+x7UZhKijEdZEXbQnOGsmcBmBb2r5R1QQNDm2jOhuD9PXkcLvfK3n754HyvUDkZxTFHNsgmKRGPHJIKOSNVUiOM3JNH8kxenAfnyXl13r5bJ5zRzDr5JefjCz96oBA=</latexit>



Gradient Descent: Convergence Proof p. 3

•So, we now have

•Promising! Our estimates are getting better.
• Still need how big these gradient magnitudes are

f(xt+1)  f(xt)� 1/2↵krf(xt)k22

<latexit sha1_base64="81nhKuc6Nu0JqHlVZq7vh92zuLU="></latexit>

Positive except at minimum (where it’s 0)



Gradient Descent: Convergence Proof p. 4

•Haven’t used convexity yet, so let’s:

•Combine with 

f(xt)  f(x⇤) +rf(x)T (xt � x⇤)

<latexit sha1_base64="cuGF7vNnC8S+dN5aYRdk8KlI0IM=">AAACGnicbVBLTwIxGOziC/G16tFLI5iARrJLNHokevGICa+EXUi3dKGh213brpEQfocX/4oXDxrjzXjx39gFDgpO0mQ6M1/ab7yIUaks69tILS2vrK6l1zMbm1vbO+buXl2GscCkhkMWiqaHJGGUk5qiipFmJAgKPEYa3uA68Rv3REga8qoaRsQNUI9Tn2KktNQx7VzOzz90VAE6jNxBzdvHBXgCHY48hpJ7oV1NAvAUJlYu1zGzVtGaAC4Se0ayYIZKx/x0uiGOA8IVZkjKlm1Fyh0hoShmZJxxYkkihAeoR1qachQQ6Y4mq43hkVa60A+FPlzBifp7YoQCKYeBp5MBUn057yXif14rVv6lO6I8ihXhePqQHzOoQpj0BLtUEKzYUBOEBdV/hbiPBMJKt5nRJdjzKy+SeqlonxXPb0vZ8tWsjjQ4AIcgD2xwAcrgBlRADWDwCJ7BK3gznowX4934mEZTxmxmH/yB8fUDJACckQ==</latexit>

f(xt+1)  f(x⇤) +rf(xt)
T (xt � x⇤)� ↵/2krf(xt)k22

<latexit sha1_base64="zqH8fbuGGsoPFGDDyzz80BxEXyQ="></latexit>

f(xt+1)� f(x⇤)  1

2↵
(2↵rf(xt)

T (xt � x⇤)� ↵2krf(xt)k22)

<latexit sha1_base64="kAPZf56+YjbdjX4zAI+ff3eChFU="></latexit>

f(xt+1)� f(x⇤)  1

2↵
(kxt � x⇤k22 � kxt � ↵rf(xt)� x⇤k22)

<latexit sha1_base64="cKktxZ6sMiVA+XITH7PHqLYQYgg="></latexit>

f(xt+1)  f(xt)� 1/2↵krf(xt)k22

<latexit sha1_base64="81nhKuc6Nu0JqHlVZq7vh92zuLU="></latexit>



Gradient Descent: Convergence Proof p. 5

•Now, simplify 

f(xt+1)� f(x⇤)  1

2↵
(kxt � x⇤k22 � kxt+1 � x⇤k22)

<latexit sha1_base64="VMcUI1JxrAoD596Z6MBTTno0gOc="></latexit>

f(xt+1)� f(x⇤)  1

2↵
(kxt � x⇤k22 � kxt � ↵rf(xt)� x⇤k22)

<latexit sha1_base64="cKktxZ6sMiVA+XITH7PHqLYQYgg="></latexit>

This part is just xt+1



Gradient Descent: Convergence Proof p. 6

•So, we have something familiar…

T�1X

t=0

f(xt+1)� f(x⇤) 
T�1X

t=0

1

2↵
(kxt � x⇤k22 � kxt+1 � x⇤k22)

<latexit sha1_base64="cXyWBRejNh+//bSCI2tI4q9Uxkc="></latexit>

T�1X

t=0

f(xt+1)� f(x⇤)  1

2↵
(kx0 � x⇤k22 � kxT � x⇤k22)

<latexit sha1_base64="iWLi7hAVS7nyukx24wgMdQIIaUw="></latexit>

f(xt+1)� f(x⇤)  1

2↵
(kxt � x⇤k22 � kxt+1 � x⇤k22)

<latexit sha1_base64="VMcUI1JxrAoD596Z6MBTTno0gOc="></latexit>

Can telescope!



Gradient Descent: Convergence Proof p. 7

•Now we have 

•Can ignore the rightmost term (we’re just making the RHS 
same or bigger)

T�1X

t=0

f(xt+1)� f(x⇤)  1

2↵
(kx0 � x⇤k22 � kxT � x⇤k22)

<latexit sha1_base64="iWLi7hAVS7nyukx24wgMdQIIaUw="></latexit>

T�1X

t=0

f(xt+1)� f(x⇤)  1

2↵
(kx0 � x⇤k22)

<latexit sha1_base64="QKXLXiwzO20CJp6muQ4RtIH+xtg="></latexit>

Initial guess gap to minimizer Value gap for all steps



•Continue,

•But, recall that each iterate has a smaller value, ie,

•So,  

Gradient Descent: Convergence Proof p. 7

T�1X

t=0

f(xt+1)� f(x⇤)  1

2↵
(kx0 � x⇤k22)

<latexit sha1_base64="QKXLXiwzO20CJp6muQ4RtIH+xtg="></latexit>

f(xt+1)  f(xt)� 1/2↵krf(xt)k22

<latexit sha1_base64="81nhKuc6Nu0JqHlVZq7vh92zuLU="></latexit>

T�1X

t=0

f(xT ) 
T�1X

t=0

f(xt+1)

<latexit sha1_base64="8MTYB5wabxipIzNmIwqqhDHzfRM=">AAACJnicbVBNS8NAEN34bf2KevSy2AiKWBJR9CKIXjxWaK3Q1rDZbtrF3STuTsQS8mu8+Fe8eFBEvPlT3LY5aPXBwOO9GWbmBYngGlz305qYnJqemZ2bLy0sLi2v2KtrVzpOFWV1GotYXQdEM8EjVgcOgl0nihEZCNYIbs8HfuOeKc3jqAb9hLUl6UY85JSAkXz7xHFaOpV+BidufpPV9rwch9sPfm0HtwS7w/+aGex6+Q52HN8uuxV3CPyXeAUpowJV335tdWKaShYBFUTrpucm0M6IAk4Fy0utVLOE0FvSZU1DIyKZbmfDN3O8ZZQODmNlKgI8VH9OZERq3ZeB6ZQEenrcG4j/ec0UwuN2xqMkBRbR0aIwFRhiPMgMd7hiFETfEEIVN7di2iOKUDDJlkwI3vjLf8nVfsU7qBxe7pdPz4o45tAG2kTbyENH6BRdoCqqI4oe0TN6RW/Wk/VivVsfo9YJq5hZR79gfX0D+TKi+w==</latexit>



•Almost there! We have

•Divide by T,

•Combine with  

Gradient Descent: Convergence Proof p. 8

T�1X

t=0

f(xt+1)� f(x⇤)  1

2↵
(kx0 � x⇤k22)

<latexit sha1_base64="QKXLXiwzO20CJp6muQ4RtIH+xtg="></latexit>

f(xT )� f(x⇤)  1

T

T�1X

i=0

f(xt)� f(x⇤)

<latexit sha1_base64="1oVhcOpRKun+aUDQfrKUYxVgugw="></latexit>

Done!

T�1X

t=0

f(xT ) 
T�1X

t=0

f(xt+1)

<latexit sha1_base64="8MTYB5wabxipIzNmIwqqhDHzfRM=">AAACJnicbVBNS8NAEN34bf2KevSy2AiKWBJR9CKIXjxWaK3Q1rDZbtrF3STuTsQS8mu8+Fe8eFBEvPlT3LY5aPXBwOO9GWbmBYngGlz305qYnJqemZ2bLy0sLi2v2KtrVzpOFWV1GotYXQdEM8EjVgcOgl0nihEZCNYIbs8HfuOeKc3jqAb9hLUl6UY85JSAkXz7xHFaOpV+BidufpPV9rwch9sPfm0HtwS7w/+aGex6+Q52HN8uuxV3CPyXeAUpowJV335tdWKaShYBFUTrpucm0M6IAk4Fy0utVLOE0FvSZU1DIyKZbmfDN3O8ZZQODmNlKgI8VH9OZERq3ZeB6ZQEenrcG4j/ec0UwuN2xqMkBRbR0aIwFRhiPMgMd7hiFETfEEIVN7di2iOKUDDJlkwI3vjLf8nVfsU7qBxe7pdPz4o45tAG2kTbyENH6BRdoCqqI4oe0TN6RW/Wk/VivVsfo9YJq5hZR79gfX0D+TKi+w==</latexit>

=) f(xT )� f(x⇤)  kx0 � x⇤k22
2T↵

<latexit sha1_base64="GuKfg/STPuKKZCKlEg0cKm4tUfU="></latexit>



Gradient Descent: Convergence Proof Recap

•Note: used all conditions in one or more places in the proof.
• If you don’t use an assumption, either your result is stronger than 

you thought or (more likely) you are making a mistake

•Proof credit: Ryan Tibshirani.
•Other assumptions that lead to varying proofs/rates:
•Strong convexity
•Non-convexity
•Non-differentiability



GD: Downside

•Why would we use anything but GD?

•Let’s go back to ERM.

•For GD, need to compute

•Each step: n gradient computations
• ImageNet: 106 samples… so for 100 iterations, 108 gradients

argmin
h2H

1

n

nX

i=1

`(h(x(i), y(i))
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Solution: Stochastic Gradient Descent

•Simple modification to GD.
•Let’s use some notation: ERM:

•GD:   

argmin
✓

1

n

nX

i=1

`(f(✓;x(i)), y(i))
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n

nX

i=1

r`(f(✓t;x
(i)), y(i))
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Note: this is what we’re optimizing over! 
x’s are fixed samples.



Solution: Stochastic Gradient Descent

•Simple modification to GD:

•SGD:

•Here, a is selected uniformly from 1,…,n (“stochastic” bit)   
•Note: no sum!
• In expectation, same as GD.

✓t+1 = ✓t �
↵

n

nX

i=1

r`(f(✓t;x
(i)), y(i))
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Thanks Everyone!

Some of the slides in these lectures have been adapted/borrowed from materials developed by Mark Craven, 
David Page, Jude Shavlik, Tom Mitchell, Nina Balcan, Elad Hazan, Tom Dietterich, Pedro Domingos, Jerry Zhu, 
Yingyu Liang, Volodymyr Kuleshov, Fred Sala


