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- implies breakdown point

- more than breakdown point

- relation to influence function and maxbias
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X 4 1 n 1 n N
0 = arg max min { — Hu! X, >ulnt A= ol X <ot >
gnE]R}gHuH:l n; { ’ 77} n; { b= 77}

RS T T
= arg max min — E {u" X; > u n}.
NERP |Jul|=1 1 =

[Tukey, 1975]
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[Rousseeuw & Hubert, 1999]



Tukey’s depth Is not a special
case of regression depth.
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(X,Y)ERP x R™ ~ P

B € RP*™

population version:

Dy(B,P) =

Du(B,{(X:,Y:) Fiq)

inf P{{U"X,Y — B X) >0}

UelU

emplrlcal version:

= inf — ZI[{ (UTX;,Y; — BYX;) >0}

ved n

[Mizera, 2002]
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loa(1/0)
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‘with probability at least 1 —25. |

Proposition. fv,

sup |D(B, (1 — ePp+) + €Q)) — D(B, Pp~)| <
B,Q
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‘Theorem [G17]. For some C > 0, |

S

Tr((B — B)TS(B — B)) < Co? (% y 62) |

2
1B — BHF<C (@VE)
T

‘with high probability uniformly over B,Q.



Multi-task Regression Depth

minimax rate achieved by multi- pm \/ 62
task regression depth n,
separate multiple regression using pn 2

regression depth 7 vV me
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_ {5 c RP - Zﬂ{ﬂj £0} < s} B3 = argmax De,_ (8, {(Xi, vi) }i-y)

56@

Theorem [G17] For some C > 0
: "21/2(5 B)HQ < CO‘ (Slog( p) " )

n

A o2 [ slog (£
552<0%2< (S)vé),

T

0 521 ep
18-8l2<C ( Og(s)vsé),

n

with high probability uniformly over 4 € ..Q. |
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‘Theorem [G17]. For some C > 0,

AN

Tr((B — B)YTS(B — B)) < Co? (r(p Z m) .\, 62> |

1B- Bl <2, ( “m)ve?),

2
IB - B|% < C <r (p+m) w62>,
T
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Extension

X € H, Y e H, FCAf :He— Hy}
Dr(f,P) = inf P{(9(X),Y — f(X)) > 0}
multivariate location H, = {1} H, =R"™
linear regression H, =RP Hy =R
multiple Iilnear 4 — RP H, = m
regression
functional .Iinear Y =N Hy _R
regression
multiple functional H., =H H, =R™

linear regression
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FQ(M, M()) — {E = (O'ij) - ./T(M) . IMax E ‘O'ij‘ S Mgka} .
J
{i:li—jI>k}

‘Theorem [CGR15]. Consider the banded /
‘estimator with k =n2+1 Ap. For some C >0, |

3 [ _ L 1 )
IS - %2, < C |mindn 2T 4 oL P
n o n

\ /

>\/e2

'with high probability uniformly overs e 7,,q. |
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Theorem [CGR1 ppose M() is the
‘minimax rate. Then,
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‘For squared total variation loss, we have

(0 = iy { BVEOTVED) | ) s
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Computational Challenges

X1,y Xy~ (1= €)N(8, 1) + €Q.

Lal, Rao, Vempala
Diakonikolas, Kamath, Kane, Li, Moitra, Stewart
Balakrishnan, Du, Singh
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Advantages of Tukey Median

- A well-defined objective function
- Does not need to know €
- Does not need to know ).

- Optimal for any elliptical distribution
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variational
representation
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T
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f-divergence D;(P|Q) = / f <1_9
varlatlonql _ sup [Ex_pT(X) — E
representation T

optimal T T(x) = f <p($
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q

variational  _ . 7(x)_E

representation T

= sup 4 Expf (jggg) —Ex~of” (f/ (




f-Learning
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\ 1=1 J
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‘n \
1
' ~N"1(X,) — | (1) d
IIlelIlmea,Xini:l (X;) /f (1) dQ

min max (l ~ —Q(Xi)>_ *( /(@)) |
Qch}eaQin;f (Q(Xi) /f v dQ/




f-Learning

QeQ TeT

f-GAN min max < %ZT(X’L) — /f* (T') d@ ¢

\ 1=1

| (1 & G(X:)
_ g min max { — / (
f-Learning Q€0 Oeo n;f q(X;)

)-[r ()=




f-Learning

f-GAN min max < %ZT(X’L) — /f* (T') d@ ¢

QeQ TET

eaming g {15 (35) - [ (7 (1))

Qe QQQ

[Nowozin, Cseke, Tomioka]
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[Goodfellow et al.
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f-Learning

Janson-Shannon f(z) = zlogz — (z + 1) log(z + 1) GAN
Kullback-Leibler flz) =xlogx MLE
Hellinger Squared flz) =2-2x rho

Total Variation flz)=(z—1), depth

[Goodfellow et al., Baraud and Birge]
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T'V-Learning

| 1 [ (X)) } (c’i )
mmmax<—§ I[{ >1,—Ql=>1],
QEQ e | 1 q(X;) q

\ 1=1 /

0={N@.1,):0eR} Q={N(@.1,):6 €N ()]

r— 0

1 T+ T
Tukey depth rglgg“gﬂllglgz;ﬂ{u Xi > u'0}

1=
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/
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min max < —ZH{Q( ) 21}_@(@ Zl) >
QEQ@eg | n = La(Xi) q

/
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T'V-Learning

1 < [ §(X; ]
min max { — H{Q( Z>21}—Q<g21>>
QEQQ~€Q n —{

> —1
Jul i=1 i=1

o : : i - T v |2 T 1 - T v .12 T
matrix depth max min mm{nZH{u X;|“ > u Zu},nZHﬂu Xl <u Zu}}
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- argmin sup | — E
n wpb |NE 14 emwtXimb Tl

logistic regression classifier

‘Theorem [GLYZ18+]. For some ¢ > 0, f'
[f-0*<c(tve)

n

‘with high probability uniformly over 6 € ®?,Q. |
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very hard to optimize!
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JS-GAN

% zn: log T(X@) + En log(l — T(X))

+ log4



JS-GAN

- 1"

¢ = argmin max | — E logT'(X;) + Eylog(l —T(X))
n
| =1

numerical
experiment

neRP

TeT

X1, Xp ~ (1= €)N(0,1,) + eN (0, I,)

+ log 4



= i "N log T(X;) + E, log(1 — T(X log 4
Argmin o ~ ) _log T(X;) + Eylog(1 — T(X)) | +log

numerical

: X1, ... X~ (1—€)N(,1I,) + eN(6, 1)
experiment g g

7 [ t\\"':
(4
X TR

PORAX
N
XONE

RSo S ‘

S
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A classifier with hidden layers leads to robustness. Why?

| |
y T Qlog =%

JS4(P, Q) = max _P log T —rx

- log 4.




JS-GAN

A classifier with hidden layers leads to robustness. Why?

JS,(P = Pl |
9( 7@) gé?&}g _ Ogl—l—e_ng(X) @logl—l—ewT

- log 4.

JS,(P,Q) = 0 <= Pg(X) = Qq(X)



JS-GAN

é’\ argmin max | — log T(X —I—E log(1l —T(X + log 4
ngeRp max Z g g(1 —T(X))| +log

Theorem [GLYZ1 8+] FOr a neural netvvork'
‘class T with at least one hidden layer and
‘appropriate regularization, we have

R P 1 ¢ (indicator/sigmoid/ramp)

[0 —0I° < 3™
L + € (RelLU)
n

with high probability uniformly over o <®.Q. |



JS-GAN

T

0 1000 2000 3000 4000 5000
Dimension



Adaptive Estimation



Robust Density Estimation

X1,y Xy ™~ (1 — é)f + €4



Robust Density Estimation

X1,y Xy ™~ (1 — é)f + €4

e

Holder(5)



Robust Density Estimation

X1,y Xy ™~ (1 — é)f + €4

-

Holder(3) arbitrary



Robust Density Estimation

X1, Xn~ (1 -6 f +eg

-

Holder(3) arbitrary

loss function: |f(()) — f(())\2



Robust Density Estimation

X1y X~ (L =€) f +eg

-

Holder(3) arbitrary

‘problem is given by

203 203
n 2841 \/ €B+1




Adaptive Estimation

Theorem [LG17]. When ono of ()5 |

known and the other Is unknown, the
optlma\ rate IS



Adaptive Estimation

Theorem [LG17). When one of (8)is |

known and the other Is unknown, the
optlma\ rate IS

n 26+1 28
\/ €B8+1
logn




Adaptive Estimation

Theorem [LG17]. When one of (.8)is |

known and the other Is unknown, the
optlma\ rate IS

n 26+1 28
\/ €B8+1
logn

adaptation cost: 7




Adaptive Estimation

- 5 i

Theorem [LG17]. When both (. )are |

‘unknown,



Adaptive Estimation

unknovvn, '

Adaptation is impossible with any rate!



Adaptive Estimation:
Arbitrary Contamination

N

Definition. An estimator f(0) is called (c1,c2,c3,71(:),r2(:)) rate adaptive if the following

holds: for anyn > 1, any e < 1/2, any 8 < ¢1 and any L < co, we have

AN

2
sup E (f(O) — f(())) < c3 (n_""l(ﬁ) V 6T2(5)> .
(1—€) f+egeM(e,8,L)




Adaptive Estimation:
Arbitrary Contamination

N

Definition. An estimator f(0) is called (c1,c2,c3,71(:),r2(:)) rate adaptive if the following

holds: for anyn > 1, any e < 1/2, any 8 < ¢1 and any L < co, we have

AN

2
sup E (f(O) — f(())) < c3 (n_""l(ﬁ) V 6T2(5)> .
(1_6)f+€g€MaL)




Adaptive Estimation:
Arbitrary Contamination

N

Definition. An estimator f(0) is called (c1,c2,c3,71(:),r2(:)) rate adaptive if the following

holds: for anyn > 1, any e < 1/2, any 8 < ¢1 and any L < co, we have

N 2
sup E (f(O) — f(())) < c3 (n_""l(ﬁ) V €T2(6)> .
(1_€)f+€g€MaL)

Lemma. For any constants ci,co > 0, there exists a constant cg, such that for any 3, B < cq,
and any L, L> co, and any estimator f(()), one of the following lower bounds must be true,

~ 2 28
sup — E(J(0) - £(0))" 2 coe,
(1_€)f+€g€M(€7/B7L)

~ 2 28
sup E ( 7(0) — f(())) > coeh.

(1—€) f+eg€EM(0,8,L)




Adaptive Estimation:
Arbitrary Contamination

N

Definition. An estimator f(0) is called (c1,c2,c3,71(:),r2(:)) rate adaptive if the following

holds: for anyn > 1, any e < 1/2, any 8 < ¢1 and any L < co, we have

N 2
sup E (f(O) — f(())) < c3 (n_""l(ﬁ) V €T2(6)> .
(1_€)f+€g€MaL)

Lemma. For any constants ci,co > 0, there exists a constant cg, such that for any 3, B < cq,
and any L, L> co, and any estimator f(()), one of the following lower bounds must be true,

~ 25

2 -
sup B (J(0) - £(0))" = coe+,
3,1)

(1—€) f+ege M|,

~ 2 28
sup E ( F(0) — f(())) > coeBrl
(1—¢) f+egeM(O[B]L)




summary



Thank You



